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Abstract 

Deformation of any d-dimensional conformal field theory by a constant null source for 
a vector operator of dimension (d + z — l) is exactly marginal with respect to anisotropic 
scale invariance, of dynamical exponent z. The holographic duals to such deformations 
are AdS plane waves, with z = 2 being the Schrodinger geometry. In this paper we 
explore holography for such chiral scale-invariant models. The special case of z = 
can be realized with gravity coupled to a scalar, and is of particular interest since it is 
related to a Lifshitz theory with dynamical exponent two upon dimensional reduction. 
We show however that the corresponding reduction of the dual field theory is along a 
null circle, and thus the Lifshitz theory arises upon discrete light cone quantization of 
an anisotropic scale invariant field theory. 
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1 Introduction 



Gauge/gravity dualities have become an important new tool in extracting strong coupling 
physics. The best understood examples of such dualities involve relativistic quantum field 
theories. Strongly coupled non-relativistic QFTs are common place in condensed matter 
physics and as such there would be many interesting applications had one had under control 
holographic dualities involving non-relativistic QFTs. Motivated by such applications |ll[2] 
initiated a discussion of holography for (d + 1) dimensional spacetimes with metric^, 

, 9 a'^du^ 2dudv + dx^dx^ + dr"^ 

=^3^ + ^ ' (1-1) 

with — 2}. The isometrics of this metric form include 

% : u ^ u + a, 

M:v^v + a, (1.2) 
P : r (1 - a)r, u ^ {I - afu, v ^ {1 - af'^v, (1 - a)x* 

along with rotations, translations and Galilean boosts in the directions. Here T) is the 
generator of non-relativistic scale transformations with dynamical exponent z. In the case 
of z = 2 the isometry group becomes the Schrodinger group, which includes the additional 
special conformal symmetry 

C : r — )• (1 — au)r, u^{l — au)u, u — >• f -|- — (x*x* -|- r^), — )• (1 — an)x* (1.3) 

Much of the interest in such holographic models has centered around this case of z = 2, 
following the initial suggestion that the metric p.l|) could play the role of a background for 
the holographic study of critical non-relativistic systems with z = 2 in (d — 1) spacetime 
dimensions, for example fermions at unitarity, which have the same symmetry group. 

The spacetime (jl.ip solves the equations of motion for gravity coupled to a massive 
vector field for all z > 0. Working in the limit where o"^ is small and treated as a perturba- 
tion around AdS, the standard AdS/CFT dictionary shows that the dual field theory is a 
deformation of the conformal field theory by a vector operator. More specifically, the dual 
conformal field theory is deformed by a constant null source for a vector operator Vv of 
scaling dimension {d + z — 1) 

Scit 5cft + j dudvd'^-^xbV^. (1.4) 



^An earlier approach to the geometric realization of non-relativistic symmetries can be found in [3^ and 
the connection between this approach and holographic realizations is discussed in [4]. 
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With respect to the relativistic scahng dimension, this deformation is relevant for z < 1, 
marginal for z = 1 and irrelevant for z > 1. However, the deformation is exactly marginal 
with respect to the non-relativistic scaling symmetry for any z and in this paper we will 
explore holographic duality for these models. In the context of two dimensional conformal 
field theories, such deformations have been previously considered by Cardy [5j and the 
resulting models were called chiral scale-invariant models, a terminology which we will 
adopt herqH- 

In the case of z = 2 the original goal was to model holographically a dual non-relativistic 
(d — 1) dimensional theory, in a background with coordinates where u plays the role 

of time. In this setup one considers operators 0/\^^rniu, x^) of definite scaling dimension 
and of charge m under the symmetry M. This charge m, which corresponds to momentum 
in the v direction, would then have to be identified with a discrete quantum number such 
as particle number. In order to discretize the possible values of m one therefore needs to 
compactify the v direction in the holographic realization. This procedure is however very 
nontrivial as in general quantum corrections become important and one cannot trust the 
metric (II. ip with a compact null direction, see the discussions in [6j. (The problems in 
compactifying any field theory along a null direction are discussed in, for example, [7] and 
would in particular apply to the field theories considered here.) Recent work aiming at 
obtaining Schrodinger solutions without such a compact direction can be found in [8J. For 
general z and o"^ > one can reduce along u (for z < 1) and v (for z > 1) to obtain a 
[d — l)-dimensional theory with non-relativistic scale invariance; in all cases the reduction 
is however null from the perspective of the dual quantum field theory. 

For every value of z compactification of a null direction will be associated with problems 
at the quantum level and in this paper we will consider (jl.ip with both u and v non-compact. 
The effects of such a compactification may be considered afterwards but this issue will be 
for the most part suppressed. If the coordinates (n, v) are non-compact, holography relates 
the bulk spacetime to a d-dimensional theory which is not Lorentz invariant but which 
admits scaling symmetry. Theories of this anisotropic scale-invariant type can certainly 
model interesting physical systems and have appeared previously in the condensed matter 
literature. For example, the Zi\j chiral Potts models were introduced to model systems with 
melting transitions O [10] . The isotropic models admit a continuum limit at criticality 
which is described by two-dimensional conformal field theories |11] . Since the chiral 
Z]\f models are inherently anisotropic in their critical properties [121 [131 [H] , they cannot be 



^Whilst such theories are often caUed non-relativistic, or Schr(z), this terminology is arguably somewhat 
misleading; the theory only becomes non-relativistic after compactification on a null direction. 
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described by a conformal field theory in the continuum hmit. Instead, as was shown in [5] for 
superintegrable chiral Potts models, their continuum limits correspond to deformations of 
conformal field theories of the type ()1.4p . which are anisotropic but respect scale invariance. 

The case studied in [5] was the deformation of a specific two-dimensional conformal 
field theory by a vector operator of dimension 9/5, which corresponds to scale invariance 
with z = 4/5. As we show in section [3l anisotropic scale invariance constrains two point 
functions of scalar operators at zero temperature to be of the form 

{0^^{kMO^,^{-K,-K)) = ki^^^^'^^'"f{bk^), (1.5) 

where {ku,kv) are the lightcone momenta, Ax) is the anisotropic scaling dimension and 
f{bky.) is an arbitrary function of the quantity 

k^ = 2^/X^^k^J'-\ (1-6) 

which is invariant under anisotropic scale transformations. In [5] two point functions in the 
deformed theory were computed to leading order in b using conformal perturbation theory; 
this amounts to computing the function f{bk^) to first order in the expansion in powers of 
(bk^). 

Conformal perturbation theory is restricted to weak chirality, namely since b must be 
small, the theory must be close to the isotropic point. Since the deformation is exactly 
marginal with respect to anisotropic scaling, the chirality b can be arbitrarily large, and the 
holographic realizations allow correlation functions to be computed in a strongly coupled 
theory, at finite chirality. Quantities computed from the holographic models have certain 
universal features, as is typical for holography. For example, only certain functions f{bk^) 
are realized in these models and the ratio of rj/s for black holes in these models is the 
expected l/47r, since the background solves relativistic two derivative equations of motion. 

There are several other motivations for exploring these anisotropic backgrounds. The 
case of z = 0, which cannot be realized with massive vectors but can be realized by coupling 
gravity to a scalar field, is related to Lifshitz with dynamical exponent Zl = 2 upon dimen- 
sional reduction. Embedding Lifshitz into string compactifications had proved elusive, but 
this kind of realization can be obtained in Sasaki-Einstein reductions [15j. Note that the 
z = anisotropic geometry is asymptotically AdS, but the dimensionally reduced theory 
has Lifshitz symmetry; since holography for the former is well-understood, a holographic 
dictionary for the latter can be obtained straightforwardly by dimensional reduction. How- 
ever, as we will discuss here, the dimensional reduction is on a null circle, and this DLCQ 
reduction introduces subtleties. 
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Another reason for studying general z is the following. The case of Schrodinger (z = 2) 
has been extensively studied in previous literature, but the encoding of the dual stress 
energy tensor in the asymptotics of the bulk geometry remains elusive. As shown in |16j 
there are several reasons for this subtlety. Firstly, the natural operator in the anisotropic 
dual theory couples not to the metric, but to the vielbein. Secondly, linearized sources for 
the dual stress energy tensor and deforming vector operator blow up near the boundary 
of the spacetime faster than the Schrodinger background. In [16] the general linearized 
solution of the metric and vector equations of motion about the Schrodinger background 
was presented; this solution consisted of certain independent 'T' and 'X' modes, which 
should relate to the stress energy tensor and deforming vector operator respectively. In this 
paper we will show how these 'T' and 'X' modes are related to the dual operators for z <\ 
(when the spacetime is asymptotically locally anti-de Sitter) and explain what this implies 
for the holographic dictionary of Schrodinger. More generally, for z > 2, we demonstrate 
that the irrelevant nature of the deforming operator in the original CFT is reflected in the 
counterterm structure of the deformed theory: an infinite series of counterterms are required 
to compute correlation functions in the deformed theory. 

The plan of this paper is as follows. In section [2] we introduce the massive vector models 
used to engineer the anisotropic geometries, and discuss how they may be embedded into 
string theory. We also consider the special case of z = which can be realized using gravity 
coupled to a scalar field. In section [3] the field theoretic description of these models is 
described, and the form of the correlation functions in the anisotropic theory is described. 
In section H] holographic renormalization is carried out in the case of d = 2, resulting in 
a precise map between the asymptotic geometry and boundary data. In section [5] two 
point functions of the stress energy tensor and of the deforming vector operator in the scale 
invariant background are computed. In section [6] black hole solutions which are asymptotic 
to the anisotropic scale invariant background are explored. In section [7] we give conclusions. 

2 Massive vector model 

Consider the Lagrangian: 



S = I d'^+^x^ 



(2.1) 



where Fmn = 29[„i?„], A = d{d — 1) and m = z{z + d — 2). The field equations are 



1 „o 1 „ „ „ 1 

DmF'^^ = m^B'', (2.2) 



6 



where in addition D^B'^ = 0. 

These equations of motion admit both an AdSd+i solution, 



dp^ 1 
4p^ p 



ds^ = ^ + -r]abix)dx°'dx'', (2.3) 



in which J5^ = and a solution with anisotropic scale invar iance: 

ds"^ = ^ + - {cF^p^~%duf + 2dudv + dx^dxA ; 
4p^ p ^ 



Bu = hp-'/\ (2.4) 



where 



= (2.5) 

This solution is a special case of an AdS pp-wave solution and it becomes AdSa+i when the 
parameter a is zero whilst any finite a can be rescaled to one via the rescalings u — )■ a~^u, 
V — ^ av. In addition to the rotations, translations and Galilean boosts in the (d — 2) spatial 
directions x*, the isometry group of this background is: 

M : v^v + a, H:u^u + a, (2.6) 
D : p (1 - a)^p, ^ (1 - a)x\ v ^ {1 - af~^v, n ^ (1 - a)^n. 

Here D is the non-relativistic scaling (dilatation) symmetry. For general z these are the 
only symmetries, but at z = 2 the metric admits the Schrodinger symmetry group, which 
includes in addition a special conformal symmetry. 

In the case of z = 1 the vector field vanishes. The metric 

ds'^ = ^ + - (a^duf + 2dudv + dx'dxi) (2.7) 

solves the Einstein equations with negative cosmological constant for any constant value of 
a^. Here acts as a constant source for the T^v component of the stress energy tensor. 
If this source is zero, the metric is pure AdSd+i whilst if is non-zero the metric admits 

only non-relativistic scale invariance, as the rotational symmetry is broken. 

The case of z = is also special: the vector field is massless, dual to a conserved current, 
and adding a source for this current given by 

Bu = b, (2.8) 

gives no contribution to the bulk stress energy tensor, so AdS^+i with this vector field solves 
the bulk field equations for any value of b. For z = and d = 2 the constant coefficient cr^ 
can however be switched on arbitrarily, independently of b, and relates to the expectation 
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value of the stress energy tensor. One can realize z = in general dimensions by coupling 
gravity to a scalar field, as we will discuss below. 

It is interesting to note that the solutions (j2.4p also arise in topologically massive gravity 
(TMG) in three dimensions. The action for TMG is 

^ = Ifo^ / "^'^ " + ^6'-"(rL5^r^„ + ^TlT^^,Tl)) (2.9) 

where are the connection coefficients associated to the metric gmn and where we use the 
covariant e-symbol such that ^J—ge^"^^ = 1, with r the radial direction in (jl.ip . Variation 
of the action results in the equations of motion: 

Rmn — -QmnR + ^Gmn + ^ (^^rn^^rRsn + ^n^^rRsni^ = 0. (2-10) 

Spacetimes (|2.4p with generic z can be realized as solutions of TMG: the spacetime solves 
the TMG field equations when /i = {2z — 1). These TMG solutions were discussed in 
[17] and fit into the classification given in [18] as pp- waves. Solutions of this type with u 
compactified were recently discussed in [19] . 

In |20^ |2T] details of the holographic dictionary for TMG were presented, and this 
dictionary reflects the various problems of the theory: the theory is non-unitary and contains 
negative norm states. The most important feature of the dictionary for our purposes is 
that, since the equations of motion of TMG are third order in derivatives, we need to 
specify not only the boundary metric but also (a component of) the extrinsic curvature 
in order to find a unique bulk solution. When we apply gauge/gravity duality to TMG 
with a negative cosmological constant, the extra boundary data corresponds to the source 
of an extra operator. Therefore, besides the boundary energy-momentum tensor Tjj, which 
couples to the boundary metric g(o)ij^ also have a new operator X„„ which couples to the 
leading coefficient of the radial expansion of the (uu) component of the extrinsic curvature. 
It was shown in [20] that this operator Xyy has weights {hi, hu) = |(/i + 3, /u — 1). 

In order to realize the scale invariant background with exponent z we need to work at 
= {2z — 1) and switch on a constant source for the operator However for z < 1, 

the case of primary interest in this paper, the deforming operator X^^ has negative scaling 
weights in the conformal field theory. This pathology is related to the lack of unitarity of 
the dual theory, and in this paper we work instead with the massive vector models which 
do not exhibit such problems. 
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2.1 Linearized equations of motion about AdS background 

Let us first linearize the equations of motion about the AdS background by letting gat = 
Vab + hab] we fix radial axial gauge for the metric fluctuations. The linearized Einstein 
equations decouple from the vector field equations, and the linearized vector field equations 
are solved by 

where (-B(-z)a) -S(2^^_2)a) arbitrary d-dimensional 1-forms, and the other coefficients 
in the expansion are determined in terms of these functions. The radial component of 
the vector field is completely determined in terms of these coefficients via the divergence 
equation (j4.4p and the vector field equations. Note that the relation between mass and 
CFT operator dimension for a vector is 

m2 = (A^ - 1)(A^ + l-d), (2.12) 

which implies that 

A^ = {z + d-l) (2.13) 

for the operator dual to the vector field. This relation means in particular that the vector 
operator is irrelevant for z > 1 and relevant for z < 1. When z = 0, the vector field becomes 
massless and is dual to a conserved current. When z = 1 the vector operator is marginal 
with respect to the relativistic scaling symmetry. 

Consider now the non-relativistic background (12. 4p . Suppose the parameter b is small 
and one retains only terms linear in b, so the metric is purely AdSd+i- The linearized 
AdS/CFT dictionary then implies that there is a constant null source for the dual vector 
operator of dimension A^,. When the latter is irrelevant, deforming the theory in this way 
changes the UV structure. The corresponding holographic statement is that at finite b 
the spacetime ceases to be asymptotically AdSd+i] its asymptotic structure is modified 
and holography is extremely subtle. However, when the deforming operator is relevant the 
spacetime remains asymptotically AdSd+i and the standard AdS/CFT dictionary can be 
developed. It is this latter case that we will mostly focus on here, although we will extend 
our results to z > 1 wherever possible. 

2.2 Global structure of the spacetime for z < 1 

In this section we will briefiy describe the global structure of the spacetime for z < 1, 
which is analogous to that of the corresponding spacetimes with z > 1. Since we are only 
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interested in the case where 6 7^ 0, it is convenient to absorb the parameter b in the rescahng 
u — )• a^^u, V — )• av, and also change the radial coordinate to p = r^. The background metric 
and the vector field are then 

= gmndx'^dx" = ^ (^dr'^ + 2dudv + r'^''^~ du^ + dx'dx, 

B = -r-'du. (2.14) 
a 

In order to infer geodesic incompleteness, it is useful to consider the equation for null 
geodesies, which satisfy the equation 

r^ + 2?)ii + 2x*i;i + r2(^-^)i>2 = 0. (2.15) 

This equation can be written in terms of the constants of motion associated with the Killing 
vectors ku = du, = dy and ki = dl.: 

V VL V 

Pu ~ ky^Xa = Pv — k^Xa = H ttt', Pi = (2.16) 



resulting in 



/ = = ± / dT. (2.17) 

Provided that 2PuPv + PiPi > 0, null geodesies reach r = oo in real, finite affine parameter 
and hence the spacetime is geodesically incomplete. However, this geodesic incompleteness 
will not prevent us from computing correlation functions unambiguously in this background, 
as we will see later; the situation is analogous to that found in Lifshitz spacetimes [22j . 
Moreover, in section 6 we will see that the geometries can be blackened, with a horizon 
cloaking the geodesic incompleteness. A singularity is considered acceptable according to 
the commonly applied holographic criteria discussed in [23] if correlation functions can be 
computed unambiguously and the singularity can be cloaked by a horizon. Precisely this 
criterion was used in [22j to argue that holography for Lifshitz spacetimes made sense, 
despite the geodesic incompleteness. Applying the same criteria here, one can sensibly dis- 
cuss holography for these spacetimes but it would of course still be desirable to understand 
the resolution of this singularity at the quantum level, for example, by embedding these 
geometries into string theory. 

Next let us consider whether there is a well-defined time function in the spacetime. 
Reinstating the parameter b the metric is 

ds'^ = ^ + -( ^ ^ b'^p^-^du^ + 2dudv + dx^dx^ (2.18) 
4p2 p\2{l-z) J 
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where ^■^ > in the massive vector model. Thus guu > (for finite p) for z < 1 and g^u < 
(for finite p) for z > 1, but note that for all z hypersurfaces of constant u are null. In the 
case of z > 1, the u coordinate has been treated as a time coordinate and real-time physics 
has been defined with respect to this coordinate [231 [25]. However, the fact hypersurfaces 
of constant u are actually null is symptomatic of a larger issue: there is no global time 
function in these spacetimes and the spacetimes are said to be causally non-distinguishing, 
which in turn implies subtleties in treating modes of zero lightcone momentum |26j. 




In the case where z < 1, one might similarly suppose that the u coordinate should be 
treated as spacelike, but note that hypersurfaces of constant u are still null and u is a null 
coordinate in the background for the dual quantum field theory. Unlike the z > 1 case, there 
is a global time function: the spacetime is asymptotically anti-de Sitter, and the coordinate 
defined as 



is everywhere timelike for 6^ > and z < 1, since hypersurfaces of constant t are everywhere 
spacelike. Unlike the case of z > 1, there are no subtleties in addressing real-time physics, 
and real-time issues will be suppressed here. 

2.3 Embedding of massive vector models into string theory 

One may next wonder whether these massive vector models can be realized in string theory 
compactifications. In the case of z > 1, various embeddings into string theory have been 
found, with the massive vector actions arising as consistent truncations of type II super- 
gravities, see for example [6l|271[28l[29l[30l[3ll[32l[33l[3l[35]. Note that in these cases the 
truncation to a graviton and massive vector suffices for the zero temperature background, 
but additional scalar fields are switched on in the corresponding black hole solutions. From 
the consistent truncation perspective, it is only consistent for the scalar fields to vanish 
when the vector field is null. 

A necessary condition for an embedding of < z < 1 into string theory to exist would be 
that there is a vector of mass squared < m? < {d—1) (in AdS units) in the spectrum around 
an AdSd+i solution, corresponding to a vector operator in the dual CFT^ of dimension (d — 
1) < A < d. However, in spherical compactifications, the dimensions of all vector operators 
dual to supergravity modes are necessarily integral; this follows from the eigenvalue spectra 
of operators on the sphere, see for example [36] for the compactification of type IIB. 
Whilst spherical compactifications includes vectors dual to symmetry currents of dimension 
{d — 1) and can include vectors of dimension d also, the chiral spectrum does not include 





(2.19) 
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non-integral dimension vectors. 

Irrational values for the conformal dimensions of operators dual to supergravity modes 
in Sasaki-Einstein compactifications are however generic. As an example, let us consider the 
T^'^ compactification of type IIB supergravity, whose spectrum was computed in [371 138]. 
Since T^'^ is a rank one SU{2)'^ /U{1) coset, all differential operators can be expressed in 
terms of the Laplace-Beltrami operator, which is the only functionally independent differ- 
ential operator. This property allows one to compute the complete KK spectrum in this 
case, whilst for generic Sasaki-Einstein compactifications only a subset of the KK spectrum 
is known. All masses are expressible in terms of the scalar Laplacian eigenvalue: 



where {j,l,r) refer to the SU{2)'^ and R-symmetry quantum numbers. The supergravity 
compactification consists of graviton multiplet, four gravitino multiplets and four vector 
multiplets, for which the conformal dimensions of the dual operators are expressible in terms 
of the function Hq. These conformal dimensions are generically irrational. In particular, 
considering one of the vector multiplets, the corresponding dual operator to the vector is of 
dimension 



In special cases where the square root assumes a rational value the dual operator will have 
a rational conformal dimension, and will form part of a shortened multiplet. Generically, 
however, the dimension will be irrational and the operator will be part of a massive long 
multiplet. For the chiral model to be realized, we would need the spectrum to contain a 
vector operator of dimension 3 < A < 4. From [371 138] . one finds that vector operators 
with protected dimensions do not realize any operators with dimension 3 < A < 4, although 
both A = 3 and A = 4 do occur. This is in agreement with the fact that < z < 1 solutions 
were not found in the systematic explorations of j32[ I33j . However, since for general com- 
pactifications there is no supersymmetry or unitarity obstruction to such operators being 
contained in the spectrum, it would be interesting to explore further whether embeddings 
of these models into such string compactifications exist. 

2.4 Realization of 2; = with scalar fields 

In general dimensions, the case of z = realized with gravity coupled to a gauge field is 
special, since the gauge field corresponding to a constant null source for the dual current 
does not backreact on the metric. However, z = can also be realized by coupling gravity 



Ho{j,l,r)=6[j{j + l) + l{l + l)-lr'] 



(2.20) 
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and a cosmological constant to a massless scalar field; as we will now discuss, this case is 
related to the supergravity solutions found recently in [15j . 
Consider first the Lagrangian: 



1 



(2.22) 



where A = d{d — 1). The field equations are 

Rmn = -dgmn + 5^^>9n$; = 0. (2.23) 

As well as the AdS^+i solution with constant scalar field they also admit a solution with 
non-relativistic scale invariance z = 0: 

ds^ = ^ + - [a^pidPf + 2dudv + dx'dxi) ; 
p 

$ = ^{d-2)aF{u), (2.24) 



where F{u) is an arbitrary function of The scalar field vanishes in d = 2, where an 
arbitrary value of o"^ satisfies the Einstein equations with negative cosmological constant. 
In this case cr^ corresponds to a non- vanishing expectation value of Ty^, and the geometry 
is dual to a specific state in the conformal field theory, rather than to a non-relativistic 
deformation of the original conformal field theory. 

A massless field ^ is dual to a marginal scalar operator 0$ in the conformal field theory. 
A non- vanishing a implies that there is a n-dependent source for the dual operator, so the 
deformed theory is: 

ScFT ScFT + Vid - 2)f7 j dudvd'^-'^xF{u)0^. (2.25) 

A priori it is not obvious that such deformations are exactly marginal with respect to 
the z = scaling symmetry. When the function f{u) is constant, the deformation does 
not break Lorentz symmetry, but the marginal scalar operator is not generically exactly 
marginal with respect to the relativistic scaling symmetry. For general f{u) the deformation 
respects z = symmetry under which v — )• X^v, u ^ u, ^ Ax*, given that the scalar 
operator has non-relativistic scaling dimension equal to the relativistic scaling dimension d. 
One would however still need to show that the scaling dimension remains exactly marginal 
under the deformation and hence that the deformed theory remains scale invariant; this 
proof will be discussed in the next section. 



^After this paper was published, we became aware of related discussions of null scalar deformations in 



the earlier work ^39]. See also the more recent work [40| 
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This system is particularly interesting for the following reason. If one considers the case 
where dF = du, the metric can be written as 

ds^ ='%r + -( dxidx' - (T"2— ^ + a^(du + p-^a-^dvf. (2.26) 
p V P J 

Dimensionally reducing along the u direction results in a d-dimensional metric with vector 
field A, 



dsi = -p-^ + - dx.dx' - a'^ ; (2.27) 



H — ( dxidx'' — a ^ — 
p V P 
dv 

A = —, 2.28 

which exhibits Lifshitz symmetry with dynamical exponent Zl = 2 and corresponds to the 
massive vector model used to obtain Lifshitz solutions in |4lj . The Lifshitz symmetry group 
with dynamical exponent Zl includes a dilatation symmetry 



P 



A p; V v; X* — )• Ax*, (2.29) 



and is a time coordinate. Note however that strictly speaking the scalar field in (j2.24p can- 
not be dimensionally reduced along the u direction, as F(u) = u. Whilst the d-dimensional 
vector and metric, together with the constraint that d^ = \/ d — 2a, are sufficient to solve 
the {d + l)-dimensional equations of motion, it would be desirable to find an explicit re- 
alization of a z = system in string theory and, if possible, a consistent truncation to 
{d + l)-dimensional equations of motion. 

Such families of solutions were found in Sasaki-Einstein compactifications in [15]. In 
particular, compactifications of type IIB on Sasaki-Einstein manifolds admit solutions 
in which the ten-dimensional metric is 

ds'^ = ^ + - ifpiduf + 2dudv + dx'dxi) + ds^iE^) (2.30) 
4p^ p ' 

where / is in general a function of both Sasaki-Einstein coordinates and of u. The corre- 
sponding five- form i*5, the complex three- form G and the complex one- form P are respec- 
tively 

F5 = duAdv A d{p^) A dxi A dx2 + 4Vol£;)5; (2.31) 
G3 = duAW; P = gda, 

where W and g are a three-form and a function defined on E^ which may also depend on 
u. The equations of motion imply that 

duAdW = d^^W = 0; (2.32) 
-□i5j + 4/ = 4\gf + \W\\ 
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In general the function / depends both on u and on the Sasaki-Einstein coordinates. There 
is a simpler subclass of solutions in which / is constant and the metric becomes the product 
of (j2.26p with a Sasaki-Einstein space. We can furthermore consider the case where the 
axion and dilaton is trivial, and so = In this case the solutions require that 

4/ = |iyp, (2.33) 

with W a harmonic form on the Sasaki-Einstein. To make contact with the discussion above 
it is useful to let / = cj^, so that 

ds"^ = ^ + - (a'^piduf + 2dudv + dx'dxi) + ds^iE^); (2.34) 
4p^ p 

F5 = du A dv A d{p'^) A dxi A dx2 + 4:YoIe)5; 
G3 = 2aduAW, 

where W = 2aW and hence \W\'^ = 1. In the limit where a is small, we may analyze the 
interpretation of the solution using the standard AdS/CFT dictionary. From the form of 
G3 one can see that at order a it indeed corresponds to switching on a u dependent source 
for a dimension four scalar operator in the dual four-dimensional CFT. Moreover, suppose 
one considers the reduction 

ds^ = ds^{M5) + ds'^{E5); (2.35) 
F5 = 4(Vol(M5) + Vol(S5)); 
H = V2d<^AW. 

The equations of motion for the metric on the five-dimensional non-compact manifold 
M5 and the scalar $ are precisely those given in (I2.23p . but in order to satisfy the ten- 
dimensional equations of motion, one needs to impose the additional constraint 

a™«>a„$ = 0, (2.36) 

and thus the reduction is not technically a consistent reduction. A similar issue was found in 
|15j in reducing the system further to four dimensions, retaining only the four-dimensional 
metric and massive vector. A consistent truncation to four dimensions involving additional 
fields was presented in [15]. 

To summarize, for the cases described in |15J where the function / is independent of 
the Sasaki-Einstein, the corresponding (d — l)-dimensional holographic theory should be 
the dimensional reduction along the u direction of a d-dimensional CFT deformed by an 
operator respecting z = scale invariance. Note that the dual d-dimensional field theory 



15 



is in a flat Minkowski background, with coordinates {u,v,x^) and the reduction is along a 
null direction, which would be expected to produce the standard problems and subtleties 
of DLCQ. In the general case in which / depends on the Sasaki-Einstein coordinates, a 
similar correspondence should hold. Decomposing / into harmonics of the Sasaki-Einstein, 
one could infer which chiral primary operators are sourced in the dual four-dimensional 
conformal field theory. 

From the bulk perspective, one can see immediately implications of reducing the z = 
geometry along a compact u direction. Any asymptotically locally anti-de Sitter geometry 
reduced along a spacelike circle will result in a geometry which is conformally asymptotically 
locally anti-de Sitter in lower dimensions. This fact was used to analyze holography for non- 
conformal branes in [421 [43] . In the present case, reduction along the circle does not produce 
a geometry which is conformal to anti-de Sitter, and the reason is that the reduction being 
carried out is not along a spacelike circle: the u circle becomes null at infinity, corresponding 
to the fact that u is a null coordinate in the dual quantum field theory. Therefore one needs 
to carry out a DLCQ of the deformed theory to obtain a Lifshitz theory in one lower 
dimension. 

3 Field theory analysis 

The chiral backgrounds for general z originate from deforming the dual conformal field 
theory by operators which respect a non-relativistic scaling invariance. In this section we 
will discuss these deformations in more detail from the field theory perspective. 

Consider first a conformal field theory in d spacetime dimensions, with coordinates 
{u,v,x^). The conformal group SO{2,d) contains the group of non-relativistic conformal 
symmetries with arbitrary z, which we will denote Sz- The embedding is the following. 
Choosing lightcone coordinates u, v, the relativistic momentum generators Pu and are 
identified with Ti and M, respectively, the non-relativistic scaling generator P is a linear 
combination of the relativistic scaling generator and a boost in the uv direction and C. 
Translations, rotations and Galilean boosts and related to translations and rotations in the 
relativistic theory. More details can be found, for example, in [1] or [6]. Note in particular 
that the non-relativistic dilatation D is given in terms of the relativistic D and the boost 
(normalized so that the eigenvalues of {u,v) are (1, 1) respectively) as 




(3.1) 



Thus any conformal field theory also admits the non-relativistic symmetry Sz- 
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3.1 Marginal deformations respecting anisotropic scaling symmetry 

One can next pose the question as to what deformations preserve Sz but break the relativistic 
conformal symmetry. Such deformations should be marginal with respect to Sz-, and thus 
the non-relativistic scaling dimension of the deforming operator should be Ax) = d. The 
deforming operator should also break Lorentz invariance, by breaking rotational symmetry 
in the {uv) plane. The simplest possibility is a vector operator of relativistic scaling 
dimension A = d + (z — 1). Using (13. ip we note that 

A©(V„) = d- Ai,(Vn) = d+2{z- 1), (3.2) 

and thus Vv is marginal with respect to the non-relativistic symmetry. It is this case which 
is modeled holographically by gravity coupled to massive vector fields, 

ScFT ^ ^CFT + b j d'^xV, + ■■■ (3.3) 

In the specific case of two dimensions, the dual two-dimensional CFT is deformed by the 
right-moving component of a vector operator, namely V{iJ^zj2,z/2) with holomorphic and 
anti-holomorphic dimensions {hy,hu) = (1 + z/2,z/2), so that 

Soft Sqft + b j dvduV(^i+z/2,z/2) (3.4) 

with b constant and where the ellipses denote terms higher order in b. This deformation is 
manifestly consistent with the non-relativistic scaling symmetry 

V A^-^d; u A^n, (3.5) 

along with translational symmetries in the (n, v) direction. Note that the combination: 

= v'u'^' (3.6) 

is invariant under the non-relativistic scaling symmetry, whilst the (Lorentz-invariant) com- 
bination [2uv) scales as A^. 

It is interesting to note that such deformations by vector operators are only one special 
case of a more general situation in two dimensions, in which one deforms a 2d CFT by a (p, q) 
operator yp^q where {p,q) are the CFT scaling weights corresponding to {v,u) respectively, 

5'cFT ScFT + bp^q j d^xyp^q. (3.7) 

As discussed in [16] such a deformation respects anisotropic scale invariance with exponent 
z under which u — )• X^u and v — )• \^~^v provided that 

{p-l){z-2) = {q-l)z. (3.8) 



17 



Vector deformations in which p = q ±1 are just one special case. Another interesting case 
is that of strictly chiral deformations of conformal field theories, by which we mean 

5'cFT ScFT + bpfi j (fxypfi, (3.9) 

where is a holomorphic field of arbitrary integral spin. The dynamical exponent in this 
example is 

z = 2 (l - 1) . (3.10) 

The case of p = 1 corresponds to deformation by a conserved current, which as we saw 
earlier is trivial from the bulk perspective; that of p = 2 corresponds to z = 1 anisotropic 
symmetry and could be realized by deforming with the holomorphic component of the stress 
energy tensor. Such chiral deformations of CFTs have arisen previously in many contexts, 
from two-dimensional large N QCD to Kodaira-Spencer theory, see for example |44j . but 
the existence and implications of the anisotropic scaling symmetry have not been discussed. 
From the form of (j3.8p one can see that a theory with exponent z can also be viewed as a 
theory with exponent z' = (2 — z) upon exchanging the roles of u and v. 

Returning to the case of vector deformations, while such deformations are manifestly 
marginal, one also needs to show that they are exactly marginal. A priori, one might not 
have expected such deformations to be exactly marginal with respect to the non-relativistic 
symmetry group. However, holographic duals for such deformations (at strong coupling) 
exist generically, and this implies that such operator deformations do indeed remain exactly 
marginal. Using conformal perturbation theory, the correction to the two point function of 
the deforming operator itself, in the deformed theory, is expressed in terms of higher point 
functions in the conformal theory as 

1 " /■ 

5(V.(x)V.(0)) = -^^-i"") n / dxa{hV,{xa))V,m. (3.11) 

n>l ■ a=l 

This expression can be rewritten in momentum space as 

5{V,{k)V,{-k)) = V hv,{k){bVMTVv{-k)). (3.12) 

n>l 

If the deformation is to be exactly marginal, at zero momentum, the anomalous dimension 
of the operator must vanish at zero momentum. A simple argument why this is true was 
given in [16] for the case oi z = 2 and follows from (relativistic) conformal invariance, which 
implies that 

(V.(A;)(6V.(0))"V.(-A:)) = {bk,T{V,{k)V.{-k))f^^^ (ln(A:V^')) , (3.13) 
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where the function /'■"'^ can depend at most logarithmically on the scale. The right-hand 
side always vanishes for — )• 0, and therefore the deforming operator itself cannot acquire 
an anomalous dimension. 

For general values of z (excluding the cases where z/2 is an integer) the argument is 
even simpler because the integrals appearing in ()3.1ip are not scale invariant. This implies, 
following section 4.4 of |16j . that for generic values of z no operators acquire anomalous 
scaling dimensions in the deformed theory (again, except when z/2 is an integer). Instead 
the corrections to the two point function of the deforming operator are simply of the form 

mk){bV.{0)m-k)) = {hkll^kl'^-^T{V.{k)V.{-k)), (3.14) 

where no logarithmic term can appear on the right hand side. The quantity {k^ku"^ ^) 
is, according to (13. 6p . invariant under the anisotropic scaling symmetry and therefore the 
deformation corrects only the normalization of the operator but not its non-relativistic 
scaling dimension. Thus the operator indeed remains marginal in the deformed anisotropic 
theory. 

Note that an analogous simple argument cannot be made for deformations by marginal 
scalar operators. In such a case the deformation of the scalar two point function is 

5(O(x)O(0)) = ^^^(^) n / dxa{aO{xa))0{Q)), (3.15) 

n>l ' a=l-' 

where a is a scalar parameter. Conformal invariance implies that 

{0{k){aO{Q)YO{-k)) = a''{0{k)0{-k))f^''^ {\n{k'^ / 1?)) , (3.16) 

and if any of the /^"^ are non-zero the operator acquires an anomalous dimension. Generi- 
cally the /^'^•' are indeed non-zero, and one needs to use additional structure such as super- 
symmetry to determine when operators are exactly marginal. 

3.2 Deformations with 2; = 

Scaling symmetry with z = cannot be realized non-trivially with by vector operator 
deformations. The vector operator which would respect z = has relativistic dimension [d— 
1) and is a conserved current. The deformation by a constant null source for this operator 
introduces chemical potentials in the dual theory and breaks the relativistic invariance in 
a trivial way; correspondingly the bulk metric remains AdSd+i after the deformation. In 
section 12.41 we showed that z = bulk solutions could be obtained by coupling gravity 
to a massless scalar, and switching on a profile for the scalar field which depends on the 
lightcone coordinate u. Let us now discuss the corresponding field theory deformations. 



19 



Working to leading order around the AdSd+i background, the solution ()2.24p corre- 
sponds to a deformation of the CFT, 

5cFT ^ ScFT + j duF{u) j dvd'^-^xOd, (3.17) 

where the operator is a marginal scalar operator dual to the bulk field Recalling that 
the scaling symmetry with z = acts as 

u—f-X^u; V X^v; x — )■ Ax, (3.18) 

and that the marginal scalar operator with scale as Od — )• X~'^Od, one notes that the 
deformation indeed respects z = symmetry for any choice of the function F{u). The 
question next arises as to whether this deformation is exactly marginal, since as we discussed 
above, marginal scalar operators are generically not exactly marginal. However, in the 
bulk realization, the scalar operator is a chiral primary which is exactly marginal. In the 
holographic realizations, therefore, the deformation is indeed exactly marginal for any choice 
of F{u), with the case of constant F{u) being a special case in which relativistic symmetry 
remains unbroken. 

3.3 Correlation functions in the deformed theory 

Next let us consider the behavior of correlation functions under such deformations, focusing 
on the case of two dimensions. Suppose that in the original CFT the stress energy tensor 
is Tab, the vector operator of relativistic dimension (1 + z) is Va and let be generic 
chiral operators of relativistic dimension {h,h). Here v corresponds to the holomorphic 
coordinate, scaling weight /i, and u corresponds to the anti-holomorphic coordinate, scaling 
weight h. The corresponding non-relativistic scaling dimension for the operator Of^ is 

I\Ty = h{2- z) + hz. (3.19) 

Non-relativistic scale invariance generically constrains the two point functions to be of the 
form 

(OAjn,.)O^^(0)) = ^^(^^^/(X), (3.20) 

where f{x) is an arbitrary function of the scale invariant quantity x defined in (j3.6p . The 
relativistic two-point function is of the required form noting that 

^ ^ :X-'^''^T^X^-'- (3-21) 
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One should note that for generic z operators of different scahng dimension can have non- 
vanishing two point functions. In the cases of z = 1 and z = 2 the additional special 
conformal symmetry imposes the further restriction that Anr = A^j.. 

Using conformal perturbation theory one can derive the corrections to the two point 
function at non-zero h. To leading order this results in (see section 4.4 of |16] for a detailed 
analysis), 

(0(n, v)Om = (co + c^h{x)-"^) , (3.22) 

where cq denotes the operator normalization in the CFT and ci is a computable numerical 
constant, proportional to the structure constant of the three point function between these 
operators and the deforming vector operator. When (z/2) is an integer the corresponding 
expression involves logarithms and is instead of the form, 

(0(n, v)Om = (co + ci6x~'/' Hm\uv))) . (3.23) 

The appearance of logarithms reflects the fact that operators acquire anomalous scaling 
dimensions in the deformed theory; this is only possible when z/2 is an integer. 

Returning to the generic case where z/2 is not an integer, the corrections are organized 
in powers of bx^^^^ since the deformed action remains invariant under the original dilatation 
symmetries provided that the coupling b is also transformed. Working to higher orders in 
b in the case where z/2 is non- integral gives 

(^(-'^)^(0)) = -^J:c„6"(x)-"/^ (3.24) 

The corrections in b hence change the x dependent normalization of the correlator, but do 
not the scaling dimension of the operator. By contrast in the case where z/2 is integral the 
logarithmic terms in the expansion in b indicate that the scaling dimension is also modified 
at non-zero b; the case of Schrodinger symmetry, z = 2, was the main focus of |16j . 

In the holographic realizations considered here, there are no three-point couplings be- 
tween the metric and the vector field in the bulk action. This implies that the leading 
corrections to their two point functions occur at order 6^, and they are related to four 
point functions at the conformal point. More generally, since all odd couplings vanish in 
the bulk, their corrected two point functions involve functions of {iP' /x)- For generic z the 
stress energy tensor and the vector operator can have non-zero two point functions with 
each other, at non-zero 6, and indeed as we will show the Ward identities do force these two 
point functions to be non-zero. 
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3.4 Counterterms and renormalizability 

In this section we will consider what counterterms are needed in computing the two point 
functions in conformal perturbation theory. Explicit expressions for the corrections to cor- 
relation functions at leading order in b were obtained in [16J using the method of differential 
regularization [45j. Counterterms in this method are implicit, although they can be con- 
structed explicitly as in [36]. In the case at hand we would like to explore the structure of 
the required counterterms and compare it with the counterterms obtained in holographic 
renormalization. 

Following |16] , the leading order correction (I3.22p is determined by the three point func- 
tion between the deforming operator and the other two operators. Analytically continuing 
to Lorentzian signature via v ^ w and u ^ w the correction behaves as 



When 2z is not an integer, then |y| ^ is well-defined as a distribution, and its Fourier 
transform is 



Noticing that the integral (j3.26p is a convolution, the integral may be computed via the 
inverse Fourier transform of the products of the two Fourier transforms. This results in a 
leading correction to the two point function of the form (j3.22p . 

Whilst the correct finite contribution to the two point function is obtained in this way, 
note that the integrals being computed are in general divergent and additional counterterms 
are required relative to 6 = 0. One way to see this is remove small circles of radius 
around points where the vertices coincide; with this regulator the integral will have power 
divergences which can be cancelled by adding contact terms. Let us consider the case where 
the operator is the deforming operator itself. The new counterterms are then precisely 
the same counterterms needed in computing the three point function of this (for z > 1, 
irrelevant) operator in the CFT. The counterterms at order 6" will similarly be related to 
the counterterms that arise in computing (n + 2)-point functions, and the latter must on 
general grounds be local, covariant functionals of the vector operator sources. 

Let us restrict to the case where the conformal field theory is treated within the flat 
background. The leading order counterterms at 2n-th order in the vector field sources 





(3.27) 
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diverge as 

5ct ~ A2"(^-i)+2 J dFx{b%aT + • • • , (3-28) 
and we have used the fact that the counterterm is necessarily covariant. The degree of 
divergence is computed using the known dimensionality of the operator source, of the metric 
and of derivatives. Since counterterms must be scalars, any additional derivatives acting 
on the sources will reduce the degree of divergence, 

/2m 2n 
^ai...a2„ci...C2„ -Q "Q ^ ^ (3 29) 

i j 

where t'ii'""27ici---c2m tensor, which must include (m + n) inverse metrics, since the 
counterterm is a scalar. Compared to (|3.28p . these terms are indeed more divergent when 
m > 0. The actual tensors which arise need to be obtained by explicit computation, but 
note that when m = the tensor needs to be completely symmetric and built out of the 
(flat) metric, with (j3.28p being the only possibility. 

Now let us suppose one has computed the counterterms to arbitrarily high order in the 
vector field sources and then let 

ba = b5au + aa, (3.30) 

where b is constant and finite whilst aa is treated perturbatively. The 2n-point correlation 
functions in the deformed theory may then be computed by working to order 2n in the 
source a^. Consider which counterterms can contribute to this calculation: when = 0, 
all of the counterterms vanish, since there are no covariant scalar invariants which can be 
formed from a null vector field. The absence of such scalar invariants is related to the 
exactly marginal nature of the anisotropic deformation. 

In computing the two point functions in the deformed theory, one needs to retain only 
terms quadratic in the source a^. For z < 2 this implies that only a finite number of 
counterterms are needed. This follows from (|3.29p : since the background source is null, at 
order n we need to include at least m = [n — 2) v derivatives to form a scalar invariant. 
The leading non-vanishing counterterms have the structure 

5ct ~ a2"("-2)+6-2™ j d^kk^'''^{bk^f'^-\ba^f, (3.31) 

where we work in momentum space, is the lightcone momentum and k schematically 
denotes all momenta. Clearly for z < 2 there are only a finite number of divergent coun- 
terterms. However, for z > 2, counterterms of arbitrarily high order in the finite source b 
can contribute. In the holographic computation we will find the same analytic structure, 
and we will argue in addition that for non-rational values of z the counterterms cannot give 
finite contributions to the renormalized two point functions. 
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3.5 Stress energy tensor and deforming vector operator 

Let us next consider the stress energy tensor and the deforming vector operator, focusing 
on the case of 2; < 1 where the latter is a relevant operator. Our starting point is a 
two-dimensional conformal field theory which is invariant under diffeomorphisms and Weyl 
rescalings (up to the usual conformal anomaly). If the generating functional of the field 
theory is W the stress energy tensor Tab may be defined aO 

^ 2i 6W . . 

\/-9{0) og^Q^ 

where g{Q)ab is the background metric for the field theory. The vector operator Va of scaling 
dimension (1 + z) which couples to a source 6" is correspondingly defined as: 

V, = (3.33) 

Diffeomorphisms act as 

Sgl^) = -{D'^C' + D'C); 6ba = CD,ha + DaCbc, (3.34) 
with Da the covariant derivative. Weyl transformations act as 

555?) = - '^^9(0) . = zXba . (3.35) 

Imposing invariance of the generating functional under diffeomorphisms and Weyl transfor- 
mations gives the following Ward identities: 

D'{Tab)j - baD\Vb)j + Fba{V')j = 0; (3.36) 
{T,-)j-zb-{Va)j = A[g(^o),b]- (3.37) 

where (O) j denotes the expectation value of an operator O in the presence of sources J, 
and A denotes the conformal anomaly. Here Fab is the curvature of the vector field source 
ba, Fab = 2c?[a6b]. The anomaly can in principle depend covariantly both on the background 
metric 5(0) on the source b. Since the anomaly must have dimension two, for generic 
values of z there is no covariant quantity of the right weight that can be formed out of b 
and the anomaly will be given entirely in terms of the Ricci scalar of the metric ^(o) 
the central charge c of the CFT: 

^(5(0)) = ^^b(0)] (3-38) 



*Note that we axe working here in Lorentzian signature. 
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(The additional factor of 27r on the righthand side relative to usual CFT conventions follows 
from the absence of the 27r factor in our normalization of the stress energy tensor.) For 
specific values of z where a quantity of the form d^W can dimension two there are additional 
contributions to the conformal anomaly, as will be discussed in section HI 

The Ward identities imply an infinite number of relations for correlation functions in the 
deformed theory, which are obtained by differentiating with respect to the sources and then 
setting (7(o)ab ^i^cl ha to their background values. In particular, the identities for two point 
functions can be completely solved, up to the two point functions of the vector operators. 
For notational convenience let us denote T = T^^, T = T^u and = T^v The dilatation 
Ward identity implies that 

{e{u,v)VM) = \zh{V,{u,v)VMy. {e{u,v)Vum = \zh{V,{u,v)Vum, (3.39) 
whilst 

{e{u,v)9{Q)) = lzV(V„(n,?;)V,(0)) + -- - , (3.40) 

where the ellipses denote local terms. Solving the v component of the diffeomorphism 
identity then results in 

{T{u,v)9m = -^z^^^J{V,{u,v)V,m) . (3.41) 
{T{u,v)fm = ^(z-2)(V.(n,^;)V.(0))-^|i((V.(n,z;)K(0))); 



du 

du 



{Tiu,v)V,m = -^zb^i{V,iu,v)V,m) 



{T{u,v)Vum = -^zb^{{Vu{u,v)V,m) 



where local terms have been suppressed. Real-time issues and contact terms in the correla- 
tors have also been suppressed, since they do not play a role in the discussions here. Solving 
the u component of the diffeomorphism identity results in 



/ ^2 Q 



{T{u,v)T{0)) = —^ + b\2-z)^-^{V,iu,v)V.m + ^^{V,iu,v)Vum) 

+b\Vuiu,v)Vum; 

{T{u,v)9{0)) = ^zbH2-z)^J{V.{u,v)V,m) + ^^{Vu{u,v)VM); (3.42) 
{f{u,v)V,m = b{l-^z)^{{V.o{u,v)V,{0))) + b{Vu{u,v)V.{0)y, 



{f{u,v)Vum = b{l-\z)^{{Vu{u,v)V,m) + ^{Mn,v)Vum. 
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Thus in the deformed theory the relativistic stress energy tensor is no longer conserved and 
has non-trivial two point functions, determined in terms of the conformal anomaly of the 
original theory and the correlation functions of the vector operator. 



In the deformed theory the relativistic stress energy tensor is no longer conserved. How- 
ever, when b is covariantly constant and has zero curvature -F = 0, there is a non-symmetric 
stress-energy tensor tab defined such that 

tab = Tab - baVb, (3.43) 

which is covariantly conserved. As discussed in p!6] , the components of tab ^-re related to the 
Noether charges, including those associated with the translational symmetries u ^ u + a, 
V ^ V + b, and the fact that tab is non-symmetric follows from the general result that a 
conserved stress tensor in any field theory in a Minkowski background which breaks Lorentz 
invariance cannot be symmetric. 

The conserved stress energy tensor tab is obtained by coupling the CFT to a vielbein e?, 
and then defining 

\e\ Se°-^ 

where a denotes tangent space indices. The vector operator deformation is then given by 

5cft ^ 5cft + i I cPx\e\b''eya. (3.45) 



If we now consider the behavior of the generating functional under Lorentz transformations, 
diffeomorphisms and Weyl transformations, respectively, we can derive the following Ward 
identities for tab'- 

{Hab]) + ha{Vb]) = 0; (3.46) 
dHH,) + D%{Vb) + F,y{V') = 0; 

{tl) + {l-zW{Va).j = A{e), 

where we again assume that the only anomaly is the conformal anomaly ^(e), which depends 
only on the scalar curvature. The operator tab is indeed conserved when b is covariantly 
constant and has zero curvature. 

For z < 1 deformations, which are relevant with respect to the conformal symmetry 
group, both the relativistic stress energy tensor Tab ^ind the (conserved) anisotropic stress 
energy tensor tab are natural well-defined operators to consider. The relativistic stress 
energy tensor Tab is natural when we are treating the theory as a deformation of a CFT, 
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whilst the tensor tab is natural if we view the theory as an intrinsically anisotropic scale- 
invariant theory, which acquires additional symmetries in the UV. Correlation functions of 
the tensors are non-locally related to each other, but may be obtained straightforwardly 
by the defining relation (j3.43p . For z > 1 deformations, however, which are irrelevant with 
respect to the conformal symmetry, it is rather less natural to work with the operator Tab, 
since it is neither conserved nor is the theory conformal in the UV. However, for generic 
values of z such that z > 1, two point functions around the scale invariant vacuum, including 
correlation functions of Tab, reconstructable from those of the deforming vector operator, 
using the Ward identities, and we thus evade having to work in a vielbein formalism. 

4 Holographic renormalization for d = 2 

In this section we will derive general expressions for the renormalized holographic one point 
functions of dual operators in terms of coefficients in the near boundary expansions of bulk 
solutions. We will focus first on the case of z < 1 in two dimensions, and then comment 
on the case of z > 1 which is no longer asymptotically AdS. We discuss holographic renor- 
malization using two methods. The first uses the general asymptotic solution of the bulk 
field equations to regulate the volume divergences of the on-shell action with covariant 
counterterms being obtained by inverting these expansions. This method is the most famil- 
iar approach to holographic renormalization, see the review [37], but becomes increasingly 
cumbersome as the number of counterterms required increases. Since this method works 
with the asymptotic expansion of the bulk metric and vector, it allows us to appreciate the 
roles of different terms in the asymptotic expansions, which we will exploit in section [5l 

The second method of holographic renormalization exploits the Hamiltonian approach 
developed in [481 B9] , which uses covariant expansions in terms of eigenfunctions of a dilata- 
tion operator. This approach is much more efficient and powerful; the main advantage here 
is that renormalized correlation functions can, in favorable cases, be determined without ex- 
plicit computation of the counterterms. In cases where many counterterms are needed, and 
the inversion of the asymptotic expansions of the bulk fields is cumbersome, this method- 
ology is the more appropriate one to use. 

4.1 Asymptotic expansions and their inversion 

We begin by analyzing the most generally asymptotically locally AdS solutions of the bulk 
field equations. In the neighborhood of the conformal boundary at p — t- 0, the metric and 
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vector field can be expressed as: 

= ^ + -9ab{x,p)dx''dx''; (4.1) 

where the power m will be determined below. Given this coordinate choice, the Einstein 
equations can be written as: 

Rabigcd] + {d- 2)5ab + tT{9''g')gab - p{2g" - "igg^'g + ^Ag'^g )g )ab = \m^BaBb (4.2) 

-^^^-j^pig^g'^^FcdF.f + 8pg'^F,pFdp)gaj, + \p{9"^FacFM + 4pFapF,,p); 
DaMg-'g')) - D'^g',, = -{m^BaBp + pg^'FacFpa); 

\tT{g-'g'g-'g') - Itrig-'g") = \m^BpBp - -^l—^g-^g^fF,,F,f + ^^^pg^^F^pF.p. 
The vector field equations in this coordinate system become: 

da{V^g'"'F,p) = —V^Bp; (4.3) 

2 

The divergence equation for the vector field is: 

da (V^S^'Sft) + V^'dp (^V^p'-^/'Bp) = 0. (4.4) 

Here for future convenience the equations are written for general d, although in this section 
we will consider only d = 2. The leading order terms in these equations as p ^ imply 
that: 

9ab{x, 0) = g^o)abix); ba{x, 0) = 6(_^)a(x), (4.5) 

for arbitrary (non-degenerate) metric and 1-form respectively. By the usual rules of AdS/CFT, 
5(0) acts as a source for the stress energy tensor in the dual theory, whilst b^_2)a acts a source 
for the dual vector operator of dimension {d + z — 1). 

The leading term in the expansion of Bp (including the polynomial power m) is deter- 
mined by the divergence equation, and does not therefore represent an additional indepen- 
dent source. Indeed, using the leading order terms in the equations of motion one finds that 
the power of p in the leading order term of Bp is the same as in the leading term of B^. 

Bp = + ...]; (4.6) 

h-z)p = 2i^(0)^(-^)a, 
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where -D(o) is the covariant derivative associated with the metric g(o)a6- Therefore the value 
of m in (fn|) is -z/2. 

The first step in holographic renormalization is to determine the general asymptotic 
expansion near the boundary, namely the radial expansion of the fields. We thus expand 
the fields in Feffer man- Graham form as: 

9ab{x,p) = g(0)ab{x)^ ^ P9i2)ab{x) -\ ; (4.7) 

ba{x,p) = 6(_2)a(x)H ^ p''b(^z)a{x) ^ ; 

bp{x,p) = 6(_^)p(x)H h/>''6(^)p(x) -I . 

The radial expansion only needs to be calculated to sufficient order to determine the diver- 
gences in the on-shell action; in practice this means up to the order at which coefficients are 
undetermined or only partially determined by the asymptotic analysis. Since the coefficients 
in the field equations (14. 2p are polynomials in p this system of equations admits solutions 
with {gab{x, p),ba{x, p),bp{x, p)) regular functions of p. To solve these equations, one may 
successively differentiate the equations w.r.t. p and set p = 0. In pure gravity, the metric 
is expanded in integral powers of p, with additional logarithmic terms generically needed 
to solve the equations of motion in odd dimensions. In the case of gravity coupled to the 
massive vector, the powers of p that occur in the expansions need to be determined from 
the equations of motion, and should not a priori be assumed to be integral. 

Explicit solution of the equations of motion for < z < 1/2 determines that the first 
subleading term in the metric is actually of order p^~^. The form of the asymptotic expan- 
sions for < z < 1/2 can be summarized as follows. The only terms required in determining 
the counterterms and renormalized one point functions are 

9ab = g{0)ab + P^~''g(2-2z)ab + P9{2)ab + h^2)abP log P H ; (4.8) 

ba = fe{-^)a + P'b(;,)a + " " " ; 

bp = b(^^z)p + p''b(^z)p H , 

where the ellipses denote subleading terms. The following coefficients are completely deter- 
mined in terms of the non-normalizable modes: 



9(2-2z)ab 



2(1-2) 

h(2)ab = 2 {^{0)ab " 29{0)abR{0)) = 



(-z)ab(-z}b - k^T^ib(-z)9(^o]b(-z))9{0)ab > (4-9) 



b(-z)p - ^D'^0)b(-z)a, 
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In the latter expression the identity relating Ricci curvature and Ricci scalar in two dimen- 
sions has been imposed. 

In the vector field, the coefficient b(^z)a is totally undetermined, whilst 

^W. = -^^(0)a&^.)- (4.10) 

The metric coefficient g(^2)ab is undetermined, but subject to the following constraints: 

IV5(2) = + (4.11) 

where F{^_z)ab is the curvature of the field b(-z)a- 

For generic < z < 1, the asymptotic expansion of the metric has the form 

9ab = E 5(2m+2n(l-.))P"^+"^'-^^ + " " " (4-12) 
m,n 

with (m, n) integral and coefficients of terms with 

m + n{l-z)<l (4.13) 

contribute to the on-shell divergences. For 1/2 < z < 1 this implies that an increasing 
number of coefficients can contribute to the on-shell divergences, and the Hamiltonian 

approach to rcnormalization is more efficient. Note also that the coefficient g2n(i-z) is of 
order 6^", and whenever (1 — z) = 1/p, with p an integer, logarithmic terms will arise, 
corresponding to conformal anomalies. 

Next one can proceed to renormalize the on-shell action for < z < 1/2 as follows. One 
substitutes these expansions into the regulated on-shell action: 



1 

XV -g 

d+l JM 



2k^ 



1 



K^+i JdM 



(4.14) 

with the boundary regulated at p = e and we now let = /«§ in the case of interest, d = 2. 
The Gibbons-Hawking boundary term is included to ensure that the Dirichlet variational 
problem is well-defined on the surface of fixed radius; note that K is the trace of the second 
fundamental form. This procedure results in a regulated action of the form: 

5reg = ^ / ^^^\/-9{Q) [e~^a(o) + e~^«2(i-z) + a-i log e + 0(e°)] (4.15) 
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which involves a finite number of terms that diverge as e — t- 0. Here all coefficients (a(fe),a) 
of divergent terms are local functions of the sources {g(o)abix),b(^_z)aix))- 



0(0) 
0.2 



^2(l-z) 



(4.16) 



These divergences can be removed using the following covariant counterterm action: 

Sct = ^l d^x^ (-2 + '-B'^Ba + \Rb] log , (4.17) 

where 7 is the induced metric. From the renormalized action, S'rcn = S + Sct^ one can define 
the following renormalized one point functions: 



{Va) 



1 5Sr 



and for the stress energy tensor: 



lim 

e-S>0 



6Sr 



-7 SB"" 



(4.18) 



SSr, 



ab 



,ab 
(0) 



lim 



2 <55r, 



-7 (^7' 



af) 



(4.19) 



9{2)ab + ■^R{a{0))9(0)ab " ^ (^(-2)0^(2)6 + ^(2)a^(-2)fe) " ^i^ - ^ ) (^-2)c^(^)) 5'(0)a6 

Note that the answer for pure Einstein gravity, i.e. when B^ = 0, agrees with that given 
in [50] . Since the generating functional of the dual field theory W in Lorentzian signature 
is related to the renormalized on-shell action as W = iSren, these definitions for the oper- 
ators agree with those given in section 13.51 as do the dilatation and diffeomorphism Ward 
identities, which are respectively: 



ab/ 



-4Tr(5(2)) = ^^(0) + ^fe(-.)(K>; 



(4.20) 



The relation between the bulk Newton constant G3 and the central charge c of the dual 
two-dimensional CFT is 

1 1 r- 

(4.21) 



k2 SvrGs 247r' 



as derived in ISTI. 



4.2 Hamiltonian analysis 

In the previous section we showed that an increasing number of counterterms are needed 
for z > 1/2. The renormalized one point functions and counterterms are in such cases more 
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conveniently computed using the Hamiltonian formulation of holographic renormalization. 
In this section we will analyze holographic renormalization using the methods developed 
in |481 HH] . These will allow us to compute renormalized correlation functions for generic 
values of 2; > 1/2. 

We begin by expressing the metric as 

ds'^ = grandx'^dx'' = (TV^ + NaN'')dr'^ + 2Nadx''dr + jatdx^'dx^, (4.22) 

where is the lapse and Na is the shift. The choices of = 1 and A^'' = make r a 
Gaussian normal coordinate, related to the Fefferman-Graham coordinate p as p = . In 
order to provide a Hamiltonian description of the dynamics one first expresses the curvature 
part of the action in terms of quantities on hypersurfaces S^, of constant r: 



S = ^j d'^x^N R + K^- KabK'^' + A - ^FmnF"^" - ^m^B^B' 



(4.23) 



where R is the Ricci scalar of and Kab is its second fundamental form. After using the 
gauge freedom to fix = 1 and Na = the Einstein equations of motion become 

ET^ - -fC^i^fe"' = R + 2K^Trr 

DaK^-DbK = K^Tbr (4.24) 
k'a + KK'a = it-K\Tl-5lT) 

where d denotes dra and 

K^Trnn = (1 - - ]m^B^)g^n + ^FmpFnP + ^z^B^B^, (4.25) 
o 4 z Z 

with T = T™. Note that the (ra) and (rr) Einstein equations are the momentum and 
Hamilton constraints, which enforce that the momenta conjugate to the lapse and shift 
functions vanish identically. The momentum conjugate to Bj. also vanishes (corresponding 
to the divergence equation for the vector field) and the non-trivial canonical momenta are 

VTafe = ^abb,Bc] = -^ = ^ = -^V^{Kjab-Kab), (4.26) 



TTa = ^^h^Bb] = ^^=^^=-^V^Fra = -^V^iBa-dM., (4.27) 



where Ir = [f drL\ ^^_^Yic\\ on-shell action. This implies that the extrinsic curvature 

Kab and the momenta of the vector field Ba are themselves functionals of the induced fields 
on S^. Note that the extrinsic curvature is given by 

Kab = \n'^dralab = \iab, (4.28) 
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where n is the normal to S^. In the Hamiltonian version of holographic renormalization 
one uses the equations of motion to determine the asymptotic form of the momenta as 
functionals of the induced fields. This method has the key advantage of maintaining covari- 
ance at all stages, thus ensuring that Ward identies are manifest and it also shortens the 
computation of counterterms. 

In the method of holographic renormalization used in the last section the asymptotic 
analysis begins by expanding the bulk fields in the p coordinate. In the Hamiltonian method 
one notes that the non-normalizable modes of the induced fields behave asymptotically as 

7ab ~ (?''g(<d)ab, iab ~ '^lab, (4.29) 

Ba ~ e^'"6(_^)a, Ba ~ zBa. 

Note that the field Bj. is entirely determined by these fields, using the vector divergence 
equation. The dilatation operator, identified with the functional form of the asymptotic 
r-derivative in the solution space, is found to be: 

* = l-e^ + B..±-) ^ fS. (2,„.^ + .B^±-) . (4.30) 

Since Kab, Ba and B^ are functionals of the induced fields, each can be written asymptoti- 
cally as an expansion in eigenfunctions of the dilatation operator, (|4.30p . Furthermore, the 
leading terms in the asymptotic radial expansions coincide with those in the asymptotic 
expansions in eigenfunctions of the dilatation operator. This allows one to write: 

Ka' = i^COa' + K(^a,)a + K^^a,)a + " " " + K^^2)a + K^2)a log e'^'' + • • • , 7^(0)," = 5^ 

Ba = + -B{/3i)a + -B(^2)a -\ , -B(-^)a = zBa (4.31) 

Br = B^2-z)r + -S((7i)r H > 

where the dilatation weights are such that 

= -nK(„),^ n<2 (4.32) 

with the logarithmic terms similarly transforming homogeneously. Note that (5Di^(n)a6 = 
— (n — 2)K(^n)ab aiid [(5d, 9a] = but [5d, dr] 7^ 0. The term K(2)J' transforms as 

This inhomogeneous transformation is obtained by requiring firstly that 5d does not act 
on coordinates (i.e, on the logarithm) and secondly that the action of dr on provides 
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asymptotically the same result as the action of 6d, where drK^^j^^^ ~ —dK(^^^a ■ Using the 
vector field equations and divergence equation, one can show that 

DaB" = -^dri^Br), B,. = zB^2-z)r " KBr, (4.34) 

and hence the expansion for Br can indeed be written in terms of the expansion for K and 
Bj.- 

The expansions of the momenta in eigenfunctions of the dilatation operator can be 
determined iteratively by solving the field equations. One can now deduce immediately the 
first subleading term K(^ai)a' of K^^ by looking at the leading order terms in the Einstein 
equations. The (ra) equation implies that 

DbK^, - DaK = t^Tar = ^FabJ^^B, - dcBr) + ^z^B^Br- (4.35) 

Since DbK(^Q-jJ' — daK^Q^ = 0, the lowest order terms contributing are 

2 

DbK^a,)a'' - daK^a,) = ^Fabl'^B, + ^BaB^2-z)r- (4-36) 

This implies that ai = 2(1 — z). One can then use this fact in the (ab) Einstein equations 
to find i^(Q,^)a^, resulting in 

i^(2-2.)a' = -'^{BaB' - ^{Br'B)6'a). (4.37) 

Note that K(^2-2z) ■= K{2~2z)i = 0. One can derive similar equations for further coefficients 
in (|4.3ip but the ordering of the weights («(«)) /3(ra)) depends on the value of z. For example, 
when z < 1/2, the coefficient /3i = z is the first subleading term in the vector field expansion, 
as we showed in the previous section, whilst for z > 1/2, the first subleading term is instead 
B(2-3z)a since (2 — 3z) < z. At z = 1/2 one needs to include logarithmic terms, related to 
the conformal anomalies, to satisfy the field equations. 

Before solving for further coefficients, let us discuss how this information will be used to 
determine the renormalized on-shell action and one point functions. Starting from (I4.23P 
one can differentiate the on-shell action with respect to r to obtain 

S-on-shcU = ^ ^ d^x^ (^R + 1- ^FabF'^' - ^z^BaB'^^^ . (4.38) 

One can then write the regulated action as 

/r- = ^^ d^'x^iK-X), (4.39) 

where A satisfies 

\ + KX- k'^{2 + ^F^ + ^z^B^) = 0. (4.40) 
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The variable A admits an expansion in dilatation eigenfunctions: 

A = A(,„) + A(,^) + ... + A(2) + A(2) log e-^" + ■■■ (4.41) 

where each term transforms homogeneously, namely 5o^[n) — ~''^^{n) except for A(2). The 
transformation law for the latter is obtained in a similar fashion as that for K(^2)a'- Terms 
in the on-shell action are divergent as r — t- oo only for n < 2, along with the logarithmic 
term, and thus the counterterm action is formally given by 

Ict = -^[ d^x^(Y.(^{n)-\n))-\2)loge-A. (4.42) 

The terms in the dilatation expansion of A can be obtained by iteratively solving the above 
first order equation defining A, but a more efficient procedure is the following. Note first 
that 

27,67r'^* + zB^vr" = 2^ab^ + zBa^ (4.43) 



\ [ (fx^ 



<5 5 

'^lab-, \- zBa- 



hab SBa 



(K-X). 



Hence, 



27,;,7r"^+z5,7r'^ = L5d{V^{K-X)) ^ {l+5D)K+^Bal''\B^-dM = {2+5d)\ (4.44) 

where one has used ()4.26p and (|4.27p . together with: 5oy/^ = 2^/7 which follows from the 
definition of 5d- This last equation then allows the iterative determination of the expansion 
of A. For example, looking at the leading order term one finds that 

K(o) = (2 + (^^)A(o) ^ A(o) = l. (4.45) 
The first subleading term has weight 2(1 — z) and is given by 
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-{Br'B) = (2 + 5d)\2-2z) ^ \2-2z) = -^{B-i-'B). (4.46) 

As mentioned already above, the question of which terms appear at subsequent order de- 
pends on the value of z. For z < 1/2, the only other divergent term is the logarithmic 
term, which follows from solving ()4.44p at weight two. Using the expression for K(^2) given 
in (j4.54p one finds that 

(2 + 6v){Xi2) + A(2)loge-2'-) = -2A(2) = -^R. (4.47) 

For 2: < 1/2 this suffices to determine explicitly the counterterm action 

^ct = ^/ d'x^{-2+^{Br'B) + ^moge-''^), (4.48) 
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in agreement with that found in the previous section. Further counterterms are needed 
for z > 1/2 but, as we will see, the explicit form is not needed to compute renormalized 
correlation functions for non-rational values of z. 

In general, the renormalized on-shell action is given by 



/ren = }^^^^r + -^ct) = ~2 j '^^^V^i^{2) " -^(2)) • 



(4.49) 



The one-point functions can be determined by using the Hamilton-Jacobi relations, which 
can be written as: 



ab 



+ Ti'^SBa = ^ ^ <fx5[^{K - A)]. 



(4.50) 



Taking r — )• (X), one expands the momenta and the integrand in eigenfunctions of the 
dilatation operator and matches terms with the same weight. The procedure implies in 
particular that: 



5Iu 



1 



d2x<^[V7(^(2)-A(2))] 



+ 




J(0) 





(0) 



(4.51) 



where the subscript represents the overall terms with zero dilatation weight. Since, by the 
definition of 5d, the vector field has weight 2, the induced metric weight 2 and its inverse 
weight -2, the renormalized one-point functions are then found to be: 

2 SIrer, 



(Tab) 
(Va) 



1 



ab 
(0) 



lim 

r— >oo 



lim 

r— >oo 



2 5Ix:en 
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--\/7 h""^ ■ 





6Ir 



-7 6B" 



1 



K{2)7ab - K^2)a''lcb 



(4.52) 



o 2 ^™ 

Ik 1 — >c« 



\z)a 



It should be emphasized that these expressions for the renormalized one point functions hold 
for general values of 2; < 1, as does the form (I4.49P for the renormalized action. However, 
one still needs to determine the relation between the momenta coefficients and coefficients in 
the asymptotic expansions of the fields, which in general can involve both the normalizable 
modes and local functionals of the sources. 

Whenz / (1--), with n an integer, the map between momenta coefficients and terms in 
the asymptotic expansions is particularly simple. Let us express the asymptotic expansions 
as in the previous section as 



lab 
Ba 



9{0)ab H He 5(2)ab H 

e'"(&(-.)a + ---) + e-""(6(,)a + •••), 



(4.53) 
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where p = e '^^ . Then, 

Ki2) = ^ (ii[5(o)] - 2z'6f_,)6(.)a) ; (4.54) 

z z 

K{2)ah = -9{2)ab + ^ (&(-z)a&(^)6 + ^(z)ab{-z)h) " ^ft(-z)c^(2)9'(0)a6; 



and substituting into the renormahzed one point functions (I4.52P results in the same ex- 
pressions as (I4.18P and (I4.19j) . 

When z = (1 — ;i), with n an integer, functionals of the vector operator source can have 
the required dilatation weight to contribute to the one point functions. In such cases there 
are additional contributions to the map between momenta coefficients and terms in the 
asymptotic expansions, and one has to compute the one point functions on a case- by-case 
basis. For example, in the case of z = 1/2 



where, using (|4.37|) . 

Kit2.)a = -f [h-z)abl.) - lih-^)cbU))S'?l • (4.56) 
This implies that the conformal anomaly is given by 

(T:) = ^ (i?(0) - Z%l^fy.)a + , (4.57) 

and thus involves a local functional of the vector field source. 
4.3 Analysis for z > 1 

Let us now discuss the issues that arise when z > 1 and the vector field is dual to an 
irrelevant operator in the conformal field theory. Since irrelevant operators modify the 
UV behavior of the quantum field theory, their sources can only be treated perturbatively, 
which allows their correlation functions to be computed. The holographic analogue can be 
seen in (j4.8p : even for z > 1 the data {g{Q)ah-,9(2)ab-,b{-z)a-,b[z)a) supplies the independent 
integration constants for the bulk equations, but when z > 1 the limit of gabip ~^ 0) is no 
longer finite. In fact, using (j4.12p . one sees that the metric 

9ab = E52™+2n(l-.)P™+"('"^^ (4.58) 

contains terms for m = and n > which behave as 

5-2n(.-i)p-"(^-'^ ~ (4.59) 
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and thus terms which are higher order in the vector operator source diverge faster as p — )■ 0, 
as expected. Working at finite an infinite number of counterterms would thus in general 
be needed. A well-defined problem is obtained by working perturbatively with small fe(-2)a 
such that 

|6(„,)p«e--i, (4.60) 

where p = e is the cutoff. To compute an n-point function of the dual vector operator, one 
should only retain terms to order b^_^-^ and thus only a finite number of counterterms are 
needed. Logarithmic terms in the on-shell action related to conformal anomalies can arise 
whenever 

z = l + -, (4.61) 

q 

where {p, q) are integers. Except in such cases, where z is rational, the renormalized one 
point functions are just as for z < 1, i.e. 

(K) = (4-62) 

{Tab) = — 



9(2)ab + 2^{9{0))9(0)ab " ^ {^{-z)ab{z)b + b(z)ab(-z)b) " z{z - -) (^^(-2)c^(2)) ^(Oafe 



To prove this, one can use the Hamiltonian method of the previous section: provided that 
the source is treated perturbatively, the dilatation operator is well-defined and the momenta 
admit expansions in eigenfunctions of this dilatation operator. The general expressions for 
the renormalized one-point functions in terms of the momenta coefficients given in (I4.52P 
can then immediately be rewritten in terms of coefficients in the asymptotic expansion when 
z is not rational, as terms involving only the vector field sources cannot have the correct 
dilatation weight. For rational values of z the map between the momenta and asymptotic 
coefficients can indeed involve polynomials in the vector field sources, and it needs to be 
worked out iteratively on a case by case basis. 

Note that in the Hamiltonian method one does not actually need to explicitly compute 
the counterterms A(„) to derive the correlation functions, although they would be needed 
to compute the on-shell value of the action. Formally, at least, one can work to arbitrarily 
high perturbative order in the operator source 6(_z)a) with corresponding counterterms of 
increasing order of divergence. If however the source is treated as finite, then there 

is no well-defined asymptotic, or equivalently dilatation, expansion and the counterterm 
action ()4.42p is not a priori valid. This corresponds to the fact that switching on a generic 
finite deformation by the dual vector operator makes the dual quantum field theory non- 
r enor malizable . 
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In the case of interest here, however, the source h{^_z)a is finite but null: just as in the 
field theory discussion earlier, we can compute correlators of the vector operator in the 
deformed theory by setting 

9{0)ab = Vab] b(^-z)a = b5au + a(^-z)a, (4.63) 

where the source a(_2)a is treated perturbatively. The existence of a dilatation symmetry 
is preserved at finite b and all bulk fields still admit an asymptotic expansion in terms of 
eigenfunctions of the dilatation operator, even though the metric Qab does not have a finite 
limit as /9 — )• 0. 

Now consider the following: treating perturbatively first derive the counterterm 

action ()4.42p . working recursively in powers of the source. Then 



'ct 



[ d^x^lY.^K^n)-\n))-\2)loge~A, (4.64) 



where in addition to the counterterms A(o), A(2) and A_2(z-i) computed explicitly earlier 
there are an infinite number of counterterms at z > 1. For example, polynomials of the 
vector field occur, 

A-2n(.-l) =C2„(.-l)(5'^i?a)" (4.65) 

where the coefficients C2n{z-i) may be determined iteratively in n, working perturbatively 
in the source. This counterterm is the holographic analogue of (13.28P and counterterms 
involving further derivatives and curvatures will also occur. If these counterterms are eval- 
uated on the anisotropic background itself (I4.63P in which a(^-z)a = 0, then, since the source 
is both null and constant, all counterterms apart from A(o) vanish. This is the holographic 
analogue of the deformation being exactly marginal with respect to the anisotropic sym- 
metry. To compute the two point function of the vector operator in the deformed theory 
we will need to retain terms in the action to order and following the arguments of 

section (13.411 there will be a finite number of terms for z < 2. 



5 Linearized analysis around chiral background 

In this section we will consider the linearized equations of motion around the chiral back- 
ground for generic values of z in two dimensions, and the corresponding two point functions 
of the stress energy tensor and vector operator in the deformed theory. We should note 
that the analysis excludes those values of z for which the deforming operator itself acquires 
an anomalous dimension; the case of z = 2, Schrodinger, is one such example, which was 
analyzed in detail in |16j . 
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5.1 Linearized equations 

Let us perturb the fields around the background as: 

Bm = p-^'hm{x,p) = bp'^''^5l, + am{p,u,v), (5.1) 
ds"^ = ^ + -gab{x, p)dx"'dx^, gab = Kbip) + habip, u, v), 

4/3^ p 

where 

habdx^dx^ = {2dudv + a'^ p^-'^du^). (5.2) 
The linearized Einstein equations can then be written as: 

Rab[h] + tT{h-^h')Kb - p (2 - 2 z b^d^h'^y^ p-' + ^ 62 tr(/i-i/t')5>," p"^) (5.3) 
= + z)zb^K.Xbp-' + b^fK.6:6^p'-^' + zHa^J^) 

+2zb (5^^Jb)p- fvphab) p'-^/'; 
da {trih-'h')) - h'^dXb - \z b^daK, + ^z bHl p-' d, {hi - \tY{h)5l^ (5.4) 

^zb'dp [p-'h,,] = ^tr(/i-i/i") (5.5) 
Rab[h] - \habR[h] = 0. (5.6) 

The last equation is the linearization of the two-dimensional identity Rabid] — \9abR[9\ = 0. 
Note also that we define fab '■= daa^ — d^aa as the curvature of the vector fluctuation ai,. 
The linearized vector field equations are 

da{h'''fbp)-^bp-'-'/'da(^K-^tr{h)6:^ = ^ a^; (5.7) 

da[h-'h'''fbd) +^d,{ph'''fpa) +2zbp-^/^dp(^K-^tr{h^^^ = jh'^aa. (5.8) 

whilst the linearized divergence equation is: 

da {h^'ac) + 4.P a'p - b p~''^da (^K - ^ tr (/i)<5^^ = 0. (5.9) 

It is also useful to write: 

tr(/i) = -a^K^p^-' + 2huv; da (^K - ^tr(/i)5JJ^ = -^a^Kv,vP^'" + Kv,u- (5.10) 

One now begins with the identity (j5.6p . which implies that R^y = 0, Ruu = cr'^P^'^Ruv , 
where the components of the Ricci tensor are: 

— '^hyu'a-a ~l~ '^^uu,vv huv,uvj (5-11) 
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Using these identities, the {vv) component of the Einstein equations is solved by 

Kv = ~^ Kv = /i(o)™ + ph{2)vv^ (5.12) 



where both /i(o)t)D ^^^^ h(2)vv a-^e arbitrary functions of {u,v). The {v) component of ([5T 
together with (|5.5p lead to: 



Kv,v - Kv,u -\^^'^ hvv.v /? = 0; h'l^ = ^z dp {p K^) . (5.13) 
Integrating the second of these equations gives: 

^uv = h(Q)uv + Ph{2)uv + — ^■^ P^ '^^Wvv + ^2 _ ^-^ P^~^^(2)ct J , (5-14) 

whilst the first equation implies that: 

dvh{2)uv = duh(2)vv (5.15) 

The other Einstein equations do not decouple from the vector field fluctuations. One can 
however use equation ()5.6p to express the remaining graviton fluctuation as 



+ C (5.16) 



huu — -^(O)uu + pH[2)uu — _ 2z) ^^^(0)™^^ 



)uv ~r ""un 



where (-?^(o)mu) -^(2)mu) a-^s integration constants and is deflned as the solution to 

= -\zha^p'-'dp{p-'/^a,) + z65p(/5~^/2a„) + z6/>-^/2(laV'~'«p,. - «p,n). (5.17) 

In order to solve the remaining Einstein equations, the graviton fluctuation must in addition 
satisfy the u component of (j5.4p and the {uv) component of (j5.3p . which requires 

h'uu,v = ^zb^ P^''{h(0)vv,u+ Ph(2)vv,u) + duh(2:)uv + (5.18) 

X = ^zbp'''^'^ {au,v - a^,u + 2zap) ; 

huu,vv — '2fT'UV,uv ^vv,uu ^h(^2)uv ~l~ 2Z(T p h(2)vv ~l~ -^i (5.19) 



Y 



2zbp'~^ (ap(//2^,)-/,^/2ap,„). 



As we will show below, these constraints impose a restriction on the integration constant 
/i(2)mu5 related to the diffeomorphism Ward identity. These equations are automatically 
satisfied when the vector field equations are solved. We use the notation (-ff(o)uu; -f^(2)uu) to 
denote the integration constants anticipating the fact that h^^ could also contribute terms 
at order p^ and p in the asymptotic expansion as p — )• 0. 
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The linearized vector field equations can be written in terms of the metric fluctuations 
as follows. The divergence equation (|5.9p becomes 



(5.20) 

Equation (|5.7p becomes 



(5.21) 



--zbp 

Equations (|5.8|) become 
p^'^dAp^-'dpip^'^au 



-a dy{h(o)^y + ph^2)vv)p ^ + du{\o)vv + ph(2) 



(5.22) 



dp {pap,v) - {a^^u - au,v) - ^zbp ^/^/i(2)™; 

-^du {au,v - ay,u) + a^p^-'p'/^dp [p^'^dp (^p'^^a^ 
+dp {pap,,) - a^dp (p'-^op,,) + (1 - z)a^p^-'a', (5.23) 
_ z)ba^p-^'/^h^oy,, + iz(2 - z)aV''/'/i{2)..- 

These field equations can be diagonalized to give fourth order differential equations. To 
show this, let us first define the differential operator 

v2 1 „2 



We then define 



as well as 



A := pd'p + dp- '-p-' + \dud. - ^p^-^dl 



:P ih(o)vv + ph(2) 



a), =ap- ]-hd^^\2)uvP'' 



z/2 



where the inverse derivative is abbreviated notation such that 



A = d-^B dA = B. 



(5.24) 

(5.25) 
(5.26) 

(5.27) 



(In practice the solutions are expressed in momentum space, where the inverse derivative 
acts by division of momenta.) By differentiating (|5.2U|) with respect to v and inserting into 
(|5.22p one obtains 



/^al = dya; . (5.28) 
Differentiating (j5.20p with respect to p and subtracting it from ()5.2ip one obtains 



Aa)f = ^(l-z)p-^a.ar. 



(5.29) 
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Combing these equations, one finds that satisfies the fourth order equation 



p'Aip^Aa^) = ^(1 - z)/a2a^, (5.30) 

whilst also satisfies a fourth order equation 

A\]: = ^il-z)p~^d',a];. (5.31) 

Given the solutions for and one can then determine using the remaining vector 
field equations; one first determines using (j5.20p and then checks that the remaining 
equations are solved. 

The general solution of the linearized equations of motion can hence be expressed in 
terms of solutions to coupled second order equations or, equivalently, the fourth order 
equations as 

av = 7;P~''^^ih(o)vv + ph(2)vv) + a^; (5-32) 



1 



^bd-^h^2)u.p-'^' + a^- 

Since (a^,a^) satisfy coupled second order equations, the general solution involves four 
independent integration constants. The other fiuctuations can be formally expressed in 
terms of (a^,ajf) as 

dvO^ = -ApdpO^ - dua]^ + a'^p^^'^dyO^; (5.33) 
dyO^ = d^Uu - bzp'''/'^dZ^h{2)uv - -^bp'''^'^{duh(o)yy + pdyh^2)uv) 
9phlu = dl[p^~''a'^dy'^{z\2)vv +dudvh{o)yy) (5.34) 

2-2 u 

+^ 2(2^^(2)™ 
+2zhp^-^dy\dp{p^'\X) - P^'^al,)) . 

Now let us consider the differential equations satisfied by the vector fiuctuations in more 
detail. If one Fourier transforms to momentum space so that for every field <j){r, u, v) 

4){r,K,ky) = j dudve'^^''+'''"^(p{r,u,v), (5.35) 

then the operator A acts on (p as 

= {pdl + 5p - ^ - huky + ^p'~'kl)4>. (5.36) 

It is then natural to introduce a new dimensionless coordinate x 

X = {2kuky)p = k'^p, (5.37) 
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such that 

Ax 4 

where 



A(f) = k^ixdl + 5x - — - 7 + (T^^-^A;^)^ = fc^A^*/), (5.38) 



^ 2^-%K-\ (5.39) 
Then the fourth order equation for ajf is 

A^ajf = {z- l)a^k^x-'a^. (5.40) 

Since this equation only depends on the dimensionless coordinate x and the quantity a'^k^, 
the exact solution for ajf can only depend on these quantities, as discussed earlier. Regu- 
larity throughout the spacetime will, as we show below, impose two conditions on the four 
independent solutions of this equation. In what follows we will solve the equations at weak 
chirality, namely pcrturbatively in cr^, in which case it is more convenient to use the coupled 
second order equations rather than the fourth order equation. 

5.2 'T' and 'X' modes of solution 

One can summarize the general solution of the linearized equations of motion as follows. 
The metric fluctuations are 

b'^z / 1 1 _ \ 

Kv = h((i)uv + ph{2)uv + [ {1- ^^ P^~^^{o)vv + ^2 _ ^■^ P'^^^h'^)vv] ; (5-41) 

huu = \q)uu + Ph(2)uu + P^~^<^'^(^v^{^hf^2)vv + dudvh{o)vv) 



+2zhp'-^d-\dp{p^l\X) - p^l^l,). 



}?z 



The vector fluctuations are 



= T,P ''''^{H^)vv^ ph{^2)vv)^ai\ (5.42) 



5„a^ = d^au - hzp~^/'^d~^\2)uv - \bp~^^'^{du\o)^^ + pdyh^2)uv); 



2 

The propagating modes aj^ solve the coupled differential equations: 



Aal = ; Aal = — (1 - z)p-'dya^ , (5.43) 
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where the second order differential operator A is given in (j5.24p . 

Let us express the source and normahzable modes in the asymptotic expansion of huu 
as /> —7- as 

huu = h{Q)uu + ph(2)uu H > (5.44) 

respectively. These are given in terms of the integration constants (^(o)um) /i(2)Mu) 

h{o)uu = h((i)uu + '^zHd~^a(^^^] (5.45) 



where a^^)^ is the coefficient of the term at order /j™"/^ in the asymptotic expansion of 
as /5 — )• 0. Note that it is /i(o)uu which is the source for dual operator, and the (u), (v) and 
(uv) components of Einstein equations at order enforce the linearized Ward identities 



dvh{2)uv 


= duh, 


dvh{2)uu 


= duh 




1 


h(2)uv 


~4' 



{2)vv'^ 

{2)uv ~ zbduttj^^^, 



(5.46) 



z 



2 



'-^R[h(o)] + —ba^^^^, 
and 

-^[^(0)] = (^uh{Q)vv + duh(o)uu - '^dudvh{Q)uv (5-47) 

We have used the fact that the coupled differential equations for be solved asymp- 

totically as p — 7- 0. The resulting solutions have the structure expected from the previous 
(non-linear) analysis, namely 



where we have isolated the terms corresponding to the operator source (0(^2)a) operator 
expectation value (0(^)^) respectively. The analogous terms in the radial component of the 
vector field are completely determined in terms of these components. The case of z = 2 is 
special, as the radial powers in the independent solutions depend explicitly on 6^, see [16] , 
because the dimension of the dual operator is modified at non-zero b. 

Recall that for z < 1 the holographic one point functions at the linearized level are given 
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in terms of coefficients in the asymptotic expansion as 

1 1 

{Tvv) = -^hi^2)vv'i {Tuv) = —■^^(2)™; (5.49) 

(Tuu) = — {h{2)uu - &^a(2)«) ; 

Z 

Combining the propagating solution for aX with the other modes results in the following 
source and vev terms in the asymptotic expansions for the metric and vector fluctuations 

hvv = ^(lS)vv ^ Ph(2)vv') 

huv = ^(0)™ + Ph{2)uv + ■ • ■ 

huu = ^(o)«M + ph(2)uu H (5.50) 

= p~"'^ W(-z)v + ^^(0)..) + • • • + al^y'^ + ■■■ 



These expressions imply that the stress energy tensor sources are (7(o)afe = ^(o)afe + ^(o)afe ^iid 
the vector operator sources are given by 

b{-z)v = a{-z)v = (^a^-z)v + 2^(0)™) ' (5.51) 

b(-z)u = b + 0(„2)„ = b+ (^a(l^)„ + ^d^'^duh(^o)vv + bzd~'^d~'^h(^2)uv^ ■ 

Thus in particular the fluctuation /i(o)a6 sources not just the stress energy tensor but also 
the vector operator. To compute two point functions of the stress energy tensor one should 
set the vector source to zero, by switching on appropriate a^_^^^, whilst to compute the two 
point functions of the vector operator one should set to zero /i(o)a6- Note that switching off 
the sources for either set of operators does not switch off their expectation values, since the 
two point functions in the deformed theory are non-diagonal. 

In [16j the general linearized solution for z = 2 was given in terms of independent 
solutions of the equations of motion, the 'T' and 'X' modes. The 'T' mode solution is the 
z — )• 2 limit of the solution given above with oY = 0, which involves only the integration 
constants (/i{o)afe; ^(2)a6)- The limit of z — 2 requires 

^ p^-'^ln{p). (5.52) 



{2-z) 

This 'T' mode solution is non-dynamical, in that there is no bulk differential equation sat- 
isfied by these modes. From a field theoretic perspective, these correspond to quantities 
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which are completely determined by Ward identities. From the bulk perspective the corre- 
sponding statement is that the 'T' mode solution is equivalent to a bulk diffeomorphism. 
To show this, let us consider a bulk diffeomorphism generated by a vector field C,ra such that 

Sgmn = {DmCn + DnQm)- (5.53) 

Restricting to diffeomorphisms which respect the Fefferman-Graham form of the metric 
requires 5grr = (^ra = and hence 

Cp = -; C. = ^-5„C; (5.54) 
p p 

Cu = ^-9.C + ^V'C(o). 
p 

a^(z-l) i_ 
+ (2-z) ^ 

where {C, C(o)a) independent arbitrary functions of {u, v). The metric variations are then 

Sgvv = ^{2d,C(o)v -2d^Cp); (5.55) 
Sguu = ^ (2<9nC(o)« - 25^Cp) 

^""^ :P''C + 7^^p'~'dud,C^ 



5 guv = - {{duC{Q)v + d^C,{Q)u) - 4C - 2dudvQp) 

and using the analog of (j3.34p the vector field fluctuations are 

5hp = -bd.oCp-'/^; (5.56) 

5bu = -hp-'l\duCio)v- pdvduO-2hzp-'/^C 

Noting that 5gmn = hmn/p this agrees with the 'T' mode fluctuations, under the identifi- 
cations 

h{o)vv = 2dyC(o)v: h{Q)uu = 2duC{td)u\ ^(o)™ = {duC{id)v + dvC{Q)u) - 4C, (5.57) 



with all other modes determined in terms of these quantities. The 'X' mode solution of |16j 
corresponds to our propagating solution aX . In the limit of z — )• 2 the coupled differential 
equations ()5.43p remain well-defined, but the asymptotic solutions of these equations depend 
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explicitly on 6^, since the corresponding vector operator picks up an anomalous dimension 
at non-zero b [16j . 

One of the puzzling features in [16] was that in the 'T' mode solution the vector field 
is expressed non-locally in terms of the "source" data /i(o)a6- Iii the case of z < 1, where 
the relationship between asymptotics of the fluctuations and operator data is known, the 
reason for this feature is now clear: /i(o)afe does not source just Tab, but it also sources the 
vector operator Va- Moreover, from (j5.5ip . one sees that the source a(^-z)u is non-locally 
expressed in terms of h(Q-^ab- Note however that the 'T' mode solution is manifestly local 
when expressed in terms of the vector generating the bulk diffeomorphism. From the 
boundary perspective C, parameterizes a Weyl rescaling, whilst C{o)a generates a boundary 
diffeomorphism. 

Since the asymptotic expansion is local in the C,rn it would be natural to set up a 
variational problem in terms of these quantities. Such a vector field formalism for the case 
of z > 1 will be explored elsewhere. In the case of z < 1, it is not necessary to use such a 
formalism as one can exploit the fact that the spacetime is asymptotically locally anti-de 
Sitter to set up the variational problem and holographic renormalization in terms of the 
usual data {g(fi)ah-,^(-z)a)- In this case one can compute the two point functions as follows: 
using the Ward identities the only undetermined information is the two point functions 
of the vector operator. These can be computed by setting to zero the sources 5(o)a6) aiid 
solving the differential equations for the propagating modes aX . The sources for the vector 
operator will induce expectation values for the stress energy tensor, corresponding to the 
cross correlators between the stress energy tensor and the vector operators. These two point 
functions are also completely determined by the Ward identities, and therefore do not give 
additional information. By the arguments given in the previous section, the same procedure 
may be carried out for generic z > 1, when z is not rational, and when the deforming vector 
operator does not acquire an anomalous dimension. What remains to be done, therefore, is 
to find the regular solutions for aX . 

5.3 Solution around AdS'^ 

Let us first solve the vector field equations for cj^ = 0. Using (j5.28p and (j5.28p . one can 
show that the regular solutions are: 

2ik 2^^^ fp 

ay{p,k) = a(^-z)v{k)Kz{k^) + —^a(^_-^)p ^^^^ 

ap{p,k) = a(^_^)pKz{ky/p), (5.58) 
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where Kz{k^/p) represents the modified Bessel function with a specific normahzation such 
that 

K,{k^p) = ^^k'K^ik^); (5.59) 

and the latter is the expansion as p — )• 0. In solving the equations recurrence relations for 
modified Bessel functions are useful: 

K,+i{x) = K,^i{x) + —K,{x); d^K,{x) = -K,_i{x) - -K,{x). (5.61) 

X X 

Using (|5.20p one can then show that the solution 

2ik 2^^^ fp 

au{p,k) = a(^^;,)u{k)Kz{k^/p) + -^^a(^-z)p^^^^K(^^_i){k^) 

satisfies all remaining equations. As a consistency check note that the asymptotic expansions 
of all vector field components as p — )• agree with those given in section HI with the 
normalizable modes determined in terms of the non-normalizable modes as follows 

a,{p,k) = a(_^)^(%--/2 + ...^!^Il_^a(_,)„//2^--- (5.63) 

au{p,k) = a(_,)„(%-^/2 + ...:^Ii^a(_,),p^/2 + ... 
The two point functions are computed using 

where the ellipses denotes contact terms, and thus 

with the cross correlation function vanishing, as it should, since the operators have different 
scaling weights. These expressions can be written in position space as follows. Recall that 
the general expression for the Fourier transform of a polynomial in d dimensions is 

-i- / d'^ke-'^-^k^)^ = ^-^/222A rW2 + A) ^^^p^„^_,/2^ 
(2vr)'* J r(-A) 

which is valid when A ^ —{d/2 + n), where n is zero or a positive integer. Using this Fourier 

transform, and its derivatives with respect to x, one obtains 

(K,(.)V„(0)) = '^j^: (vy-)v;(0)> = ^J^. (5.07) 

which is of the expected form for operators of these scaling dimensions. 
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5.4 General solution 

We now consider the case of cr 7^ with the sources for the dual stress-energy tensor switched 
off. Let us first express the asymptotic expansions of the solutions to the dynamical vector 
field equation as 

al = p-'/'al^), + ■■■ + X,\a, k)a\__.^^y'' + • • • , (5.68) 

where the matrix Xj'iajk) is to be determined by solving the inhomogeneous differential 
equations exactly and imposing regularity conditions. The asymptotic expansion of the 
vector field is then written in terms of this data as 

aa = p-'''l\a\_,^^ + h z 5aud-^d-^h^2)uv) + ■■■ + X,\a, k)a\_.^^,p^'^ + • • • , (5.69) 

Note that the source for the vector operator includes another term involving h(^2)uvi the 
latter is not automatically set to zero by setting /i(o)afe = 0. Indeed from the linearized 
Ward identity (|5.46|) one knows that 

z^ 

h{2)uv = Y^aJ^)v = -^bXv{<^, ^)"^-z)b- (5-70) 

The true vector operator sources are thus defined in terms of the asymptotic solutions to 
the dynamical equations as 

a{-z)a = a(^z)a - -jr^auXj'ia, A;)aJ^^)ft, (5.71) 

and therefore 

0'{-z)v = afl^)^,; (5-72) 

1,2 3 u2 3 

These relations allow one to rewrite the modes s in terms of the true sources, and 

(-z)a ' 

thence one can also obtain the relationship between the normalizable modes and the 
sources. Functionally differentiating the linearized one point functions with respect to the 
sources one then finds that 

-1 

(5.73) 

^2 ^-"^ 







52^3 










= ^^™( 


1 - - 


{VuVu) 


= ^f^- 


b' 



^2 — 

,2.3 52^3 



-1 
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The fact that {VyVu) = {VuV^) must then follow from the symmetry of the matrix Xab that 
arises in solving the differential equations. 

Next let us consider the vector field equations at a 7^ 0. It is useful to write the equations 
(lOgjl and (iOQ]) in the form: 

Aoaj:-9,a^ = ^a^p'-'d^,a^; (5.74) 

where Aq is the restriction of the differential operator A to cr^ = 0. It is interesting to 
note that the corrections to the differential equation at 7^ vanish when the lightcone 
momentum = 0. Working in conformal perturbation theory we noted that corrections 
were organized in powers of cr'^k'^, and the same behavior is found holographically. Let us 
try to solve the equations perturbatively in akv at ky ^ by looking for solutions of the 
form 

n>0 

< = E 

n>0 

where the n = solutions are given by (I5.58p . The coupled differential equations then 
reduce to pairs of inhomogeneous differential equations generating a recurrence relation 

Ao{ay)n+i - dy{a^)n+i = ^/>^"^5^(a^)„; (5.76) 

For generic values of z the corrections {a^)n are bounded as p — )■ c«, since the differential 
operator Aq has an essential singularity as p — )• 00 and so the regular n = solutions decay 
exponentially there: 

ap(p, k) = a(_.),e-v7. [ ^'r{z)p^/f + ^(P''^'^) ' (^.77) 

Solving for the inhomogeneous contributions to the corrections as p — )■ 00 one finds that 
they also behave as 

and are hence exponentially small. 

Once we have established that the inhomogeneous contributions to the corrections are 
finite everywhere, we need to solve the inhomogeneous differential equations to extract 
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the asymptotic coefficients {o^-z)a->^z)a)- '^^^^ could be carried out numerically for finite 
cliirality 6^, and can be done perturbatively in 6^ at small chirality, using the Green function 
for the differential operator Aq, which is given in the appendix. This results in the following 
correlation functions 

{yv{k)Vu{-k)) = -^c,,,ky; (5.79) 

{Vu{k)K{-k)) = -^.'-^^^^i^+cuuky), 

where the constant numerical coefficients Cab are given in the appendix. 

To summarize, these correlation functions are sufficient to reconstruct all two point func- 
tions of the stress energy tensor and vector operator, to leading order in b^. The functional 
form of the correlation functions is as anticipated from anisotropic scale invariance and 
conformal perturbation theory. As we will emphasize in the conclusions, the holographic 
models for scale invariance with exponent z always include fields dual to the deforming, 
Lorentz symmetry breaking, operators. These operators must therefore necessarily play an 
important role in the physics of the condensed matter system being modeled. At small 
chirality, the correlation functions of these operators are given by the above formulae and 
these should match the features of the system under consideration. One would also like 
the finite temperature holographic realization to match the behavior of the physical system 
under consideration, and we will next turn to modeling finite temperature physics with 
black holes. 



6 Black holes 

It would be interesting to find black hole solutions of the gravity-vector system, in order 
to probe the phase structure of the anisotropic theory. Again there will be a qualitative 
difference between the cases of < 1 and z > 1. In the former case, the deformation is 

relevant with respect to the conformal symmetry and one would only expect to retain the 
effects of the deformation at temperatures which are small compared to the deformation 
parameter: 

T<6^/". (6.1) 
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Let us start by considering the following black hole solution in three dimensions 

^ (- (2 - (r/r+)2(i-^) - (r/r+f ^ drf + 2 (l - {r/r+f) drjdx + (r/r+f dx^') . 

This geometry describes a black hole with Killing horizon r = r+ and generator K = djj. 
The critical exponent is restricted to z < 2, otherwise ^^r- 7^ 1/^^ as r — > 0. Under the 
coordinate transformation: x := ^ + rj, the metric becomes: 

ds' = 1 + {r/r+r^-^Urj' + 2d^dv + [r/r+f d^') • (6.3) 



In these coordinates, the black hole is manifestly asymptotic to the chiral scale-invariant 

r^^u and ^ = r^ 



background as r — >■ for z < 2. Next one lets 77 = ar]_ and ^ = ri ^v/a so that 



'^^^ = ^7^ Z!' .0(2 ,)^ + (^^r-^'du^ + \dudv + (6.4) 



The anisotropic scale invariant background can be obtained as the zero temperature limit 
of the black hole, corresponding to r_|- — > 00 with a finite. 

Einstein equations admitting such solutions can be constructed as follows. Writing the 
scale invariant geometry as 

cZs^ = ^ (dr^ + (jV^^^-^^du^ + 2d^ du) (6.5) 

note that the Einstein tensor Gab satisfies 

Gab = gab + z^BaBb, B = br-'du b^ = 2^-^a\ (6.6) 

The contravariant components are correspondingly 

Qab ^ gab ^ ^2^a^b^ q ^ -br^-^d^. (6.7) 

For the above black hole solution, the Einstein tensor satisfies 

G<'b^g^b_^z^B''B\ B = -br^-^d^, b'^ = 2^—-^r~'^^^~'\ (6.8) 

This means that the contravariant energy tensor is actually exactly the same in both cases. 
However, while for the scale invariant background one can write a pure Proca action gen- 
erating the required field equations, for the black hole solution one cannot. Note that the 
case of z = 1 is exceptional: the above black hole reduces to the BTZ black hole which 
satisfies the Einstein equations without matter. The case of z = in three dimensions is 
also special, as the spacetime is Einstein. 
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The fact that the black hole solution does not follow from a Proca action suggests 
that a string theory embedding may give rise to consistent truncations involving not just 
vectors, but vectors coupled to scalars. This is indeed known to be the case for Schrodinger 
(z = 2) in five bulk dimensions, see the consistent truncation found in [6]. It is interesting 
however to note that the black hole solution can be supported by dust or by a perfect fluid; 
appropriate actions for dust solutions can be found in [52j and for perfect fluids in |53| . 

Starting from (j6.2p . the normal to the hypersurfaces of constant r is null at the horizon 
as well as the Killing vector drj'- WdrW^ = = || 9,^11 at r+. To see that the Killing is normal 
to r = r_|_, one rewrites ()6.2p in the form: 

1 



ds^ — ^ 



2 - (r/r+)2(i-^) - (r/r+)2) {dif - dr*^) + 2 (l - (r/r+f) dr]dx + {r/r+fdx^ 

(6.9) 

where 

dr* = , "^"^ . (6.10) 

Vl - (r/r+)2(2-^)^2 - (r/r+)2(i-^) - (r/r+)2 

Then deflne: rj = U + r* 
ds^ = — 



+2 (l - [r/r+f) {dUdx + dr*dx) + {r/r+fdx'^ 



1- (r/r+)2(2-^) 

(6.11) 



In this coordinate system, the metric is well behaved at the horizon with the metric close 
to the horizon being 

ds^ = ^ ( -2dUdr + ^—dxdr + dxA , (6.12) 
\ 2 — z J 

which is well behaved everywhere near the horizon. One can further deflne U = 2{2-z) 



with r = to obtain 



ds^ = dydR + R^dx'^, (r ^ r+). (6.13) 



This is exactly the same metric as that of the non-rotating BTZ black hole near the horizon 
in Eddington-Finkelstein coordinates as long as one compactifies the coordinate x with 
period 2 7r. From (|6.1ip . the Killing vector A; = 5^ in this coordinate system becomes djj- 
This means that 

k = gack^dx"- = guudU + grudr + gxudx. (6.14) 

At the horizon: k = ^ dr, which implies that the horizon is indeed a Killing horizon with 

''"+ 

respect to 5^. 
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The temperature of the black hole (|6.2p is 



Tl = — 



K 2 — z 



(6.15) 



where n is the surface gravity, whilst the entropy is given by 



S 



/3x 



(6.16) 



4G3r+ 



where Px is the periodicity of the x direction and G3 is the Newton constant. The entropy 
density s = S/f3x can be expressed as 



the form of which is determined on dimensional and scaling grounds. 

In the absence of a complete solution involving appropriate fields, one cannot directly 
interpret the black hole ()6.2p in terms of finite temperature behavior of the deformed chiral 
theory. However, one can make interesting preliminary observations: the temperature is 
associated with the periodicity of the Euclidean coordinate u = iu. Note however that u 
is a null coordinate in the quantum field theory, and therefore the temperature Tl relates 
to that in the left moving sector of the field theory, hence the notation used. It would be 
interesting to find an explicit embedding of this black hole into string theory, and thence 
its interpretation as a thermal state in the dual field theory. 

7 Conclusions 

In this paper we have explored features of theories holographically dual to chiral scale in- 
variant geometries (jl.lh . The dual theories are anisotropic but scale invariant deformations 
of d-dimensional conformal field theories in a flat background with coordinates {u,v,x^). 
Dimensional reduction along the u coordinate for z < 1 and along the v coordinate for z > 1 
results in a (d — l)-dimensional theory with non-relativistic scale invariance. This reduction 
introduces technical issues, since it is along a null direction, but from the perspective of 
CMT applications it leads to an important conceptual question: to what extent can the 
physics of the CMT system actually be captured by the DLCQ of a theory in one higher 
dimension? 

In the holographic realizations of anisotropic systems discussed here, a central role is 
played by the exactly marginal deforming vector operator V„. It is this operator which 
breaks the relativistic conformal symmetry, and at any value of the deformation parameter 



TT 




8 = 




Tl 
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b the operator will remain exactly marginal with respect to the anisotropic symmetry. In the 
d = 2 system discussed by Cardy in [5], the deforming operator indeed had an interpretation 
in the physical system being modelled: the Hamiltonian included a chiral interaction, which 
remained finite in the continuum limit at criticality. 

By contrast, suppose one considers the reduction of the deformed theory along a null 
direction to obtain a non-relativistic theory in (d — 1) dimensions, focusing on the case of 
z > 1, in which case v is the appropriate null reduction. Then, the deformed theory in the 
lower dimension can be expressed as: 

5cft + J dudvd'^-'^xbVv + > S,eA + j dud'^'^xbVvikv = 0) + • • • , (7.1) 

where the reduction of the original CFT action, S^cd^ can be formally decomposed into a sum 
over Kaluza-Klein harmonics of different discrete lightcone momenta k^j and the deformation 
involves only the ky = harmonic. Note that the null reduction of the d-dimensional CFT 
will not have {d — l)-dimensional conformal invariance. From the perspective of the lower- 
dimensional theory, Vv{kv = 0) is a scalar operator with "charge" ky = 0. The ellipses 
denote terms higher order in b. If the holographic theory is to provide a good description of 
a physical system, such as fermions at unitarity, then there must be a role for the deforming 
operator in that system. The parameter b should characterize a line of fixed points of the 
system and the physical features of the correlation functions of the deforming operator 
should also match. 

Given the general framework for the holographic duality developed here, it would be 
interesting to explore whether any non-relativistic scale invariant systems do admit this 
kind of exactly marginal deformations. It seems likely that many interesting non-relativistic 
scale-invariant CMT systems will not have these features, and will need to be modeled in 
a different holographic manner (without the additional null direction). Even if this turns 
out to be the case, the geometries (jl.ip without null compactifications may be useful in 
describing d-dimensional anisotropic systems such as those explored in [5]. 

Finally, let us comment on the relation between this work and recent attempts to under- 
stand the microscopies of the Kerr/CFT correspondence, [5l] and |55j . In [53j a supergravity 
solution was considered which interpolates between a self-dual null orbifold of AdS^ x S'^ and 
the near-horizon limit of the extremal Kerr black hole times a circle, and this interpolation 
was used to understand the holographic dual, in terms of a deformation of the DLCQ of the 
MSW conformal field theory. In particular, the deforming operators are vector operators, 
which respect anisotropic scale invariance; the leading deformation being a (2, 1) operator in 
the CFT, which is z = 2 in our classification. It would be very interesting to explore further 
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whether such anisotropic scale-invariant deformations of a CFT can be used to provide a 
holographic description of extremal Kerr solutions. 
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8 Appendix: Solution of vector equations 



The homogeneous equation 



admits modified Bessel functions as solutions 

<l) = ah{k^p) + PK,(k^p). 

The solution which is regular as p — > oo is the second, so a = 0. 
Let us next consider a generic inhomogeneous equation 

By defining x = it becomes: 



A^(^(x) 



X + 



(x) = X 



9{[x/kf) := h{x) 



The general solution to this equation is 



(f){x) = (j)o{x) + dx'G{x,x')h{x'), 
Jo 



(8.1) 



(8.2) 



(8.3) 



(8.4) 



(8.5) 



where <po{x) satisfies the homogeneous equation (the regular solution throughout the bulk 
being Kz{x)) and the Green's function is defined by 



A^G{x,x') = d{x' - x). 



(8.6) 
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Then, the solution for the Green's function for x ^ is: 

G{x',x) = < 



A{x')K,{x) 
B{x')h{x) 



X > x' 
X < x' 



(8.7) 



For x > x\ one chooses the Kz{x) so that the Green's function is regular as 2; — t- 00. For 
X < x' , one chooses the Iz{x) so that the results for the case o"^ = are recovered. Note 
that Iz{x) does not contain the x~^ power, only the one. In order to find the coefficients, 
one imposes continuity in the Green's function and integrating the equation for G{x',x) 
between x' — e and x' + e with e — > 0, one obtains the second condition. Hence: 



A{x')Kzix') = B{x')h{x'), 
A{x')K'^{x')-B{x')l'^{x') = l/x'. 



(8.8) 



The two above conditions have a unique solution if the Wronskian is non-vanishing, which 
is indeed the case as 

- IzK = 1/^'- (8.9) 

With A{x') = —Iz{x') and B{x') = —Kz{x'), all conditions on the Green's function are 
satisfied. 

Using this Green's function to solve the vector field equations iteratively gives that the 
?;-component of the normalizable mode is 



(0) fc„fc^^ V{-Z) , 2.2 N 



The u component of the normalizable mode is then 

_ (0) Kk^' T{-Z) , o,2„ X , JO) 2,2„ 



(8.10) 



(8.11) 



In these expressions, 
1 - z 



2z^T{-z)T{z) 
1-z 



((1 _ ^) _ 2(3 - 2z)z') ^^11,,^^^^!, '^'^ + Si + 54 - 2(^3 + Se) 



V7iT(l - z)T{2 - 2z) 



2i+2zr(l + z)2 [ AT{f>/2-z) 
1-z I l-z{4 + z- 2z^) 



4r(5/2-z) 
+ 5i + S4 - 2(^3 + 56) - 4z(52 + -S5) 



r(l - zf + 5i + 54 - 2(^3 + S^) - 4z(52 + 55) 



z^V{-z)V{z) [22^(3 + 4z(-2 + z))' 
The constants c^h relate to the numerical constants appearing in the two point functions in 
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(|5.79p . The constants Sa are given in terms of integral over Bessel functions as, 



Si = / dyyKMKM / dy' (y'f-^^ W) K,{y') 
Jo Jo 

poo py 

S2= dyyKMKM dy' {y'f-^n,{y') K,{y') 
Jo Jo 

dyyKM K.{y) C dy' {y'f-^' h{y') K^.-i){y') 
Jo 



54=/ dyyKMlziy) dy' {y'f-^^ K,{y') K,{y') 

Jo Jy 

poo poo 

55= / dyyKMlziy) / dy' (y')'-^' K,{y') K^iy') 

Jo Jy 

poo poo 

56= / dyyKMhiy) / dy' {y'f-^^ K,{y') K^,_^){y') 
Jo Jy 
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